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years on research in the psychology of mat hematics* instruction', 
also includes worksTon methods of-tea<;hing aatheai'atics Sir^tly ''\ 
lnfLijK|||3ea by the psychological research. SeLec^e^- papers and book's 
con'sS^red to be of>alue to the -American mathematicis 6dtf cafe ox have 
been £raasl^teff froa the J^ussian and appear' in -this series 'fgr* the . 
first time in En^ish. T.he aim of this seri-es is to 'acquaint^ 
matSenatlcs educatots and teachers with' dii^ectioiis, ideks, a.Qd / 
accomplishments in the psychology of ' mathematical instruction ' ia the 
Soviet Onion. This , -series -should, assist in Qpen^ng A^^^®® °^ 
-investigation to those who are inters sted in broadening- tKe' 
■fo^ihiaiioas of their profession. The seven 'studies found in ..this 
volume are: An Experiment in the Psychologica'^ ftn^ly^is^o^f Algebraic^ 
Errors;' Pupils'* Coapr ehensioh of G'eoietric Proofs;;, Elements of the .^^ 
Historical -approach in Teaching. Mathematics;. Overcofii^ng Sti^dents'^ 
Errors La the Independent Solution of Arithmetic 'Problens; , , 
StimoJ-ating Student Activi^ty in the S-fcudy bf Functional / _ 
H elation-ships; psychological Grounds for ?xte'nsive Ose of Dnsolvable 
, Probleis; and PsychoTogicai Characteristics of [Pu'pils' Assimilation 
of the Concept 9 f u Functioh'l (Author /MK) - . , 
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the- series' Soviet Studies in the P'sychologV of Learning and Teaching 

— . • ■ ; ■• 

j ^thematic.8 is, a collection of translations from the. extensive Soviet^ * ; 

literature of t«h"fe.past twentyrfive years on research In the psychology , 
of mathematical instVuction. It also inpludes works on metho^4^of 
teaching mathematics directly influenced hy the psychological research. 
*The series is the result of a joint- ef for t'ljy the ^S^hool >fathftniatics . - 
Sjiudy Grolxp' at Stanford University, the Departm^t of Mathematics 
Education at the UniveVsity of' Georgia, and the purvey ©f Recejit^East 
European Mathematical Literature at the Uniyfersity of Chicago. Selected 
papers and books consi^dered to be of ' value to the Amer^ican mathematics 
educator have been translated from the Russian and appear^ in this 
series for the tirst time in English. - ■ 

■ ResearcTi' achievement^ in psychology , in the United States are 
outstanding/ indeed. Educational .psychology , however, occupies .only a 
small fraction of the field, and until recently litt;e attention has 
been giv^n to re^earth in the psychology . of dearnir\g and teaching 
particular school subjects, , ' * ' ; 

The\ituation has 4jeen quite different in the Sov#et Union. In 
viet^ of the reigning social and j)olitical doc'tftines, several branchei 
of psychology 't,hat ire highly deye;oped in the U^S* have scarcely been 
' Investigatffd in .the Soviet 'union. On the other hand', b^ause of .the 
•Soviet emphasis on education ^and its Junction in^ the state, research in 
educatio'nal'.psychology has .been given considerable .mora]/ and financial 
supi)ort. Cons'eqi^ently, it has attracted many breaHv§ and talented 
scholars whose co{^tributions iiave been remarkable. 

Even pri'ot to' World 'War II, th*e .Russians • had, made great strides ini 
educational psy^hology^ >.The creation in 1943 of ^the Academy of Peda- 
gogical Sciences helped to intensify the research efforts and programs 
in this field. Since then the Academy has become the thief educational 
research and' development ce^iter for the Soviet Union. One of the main : 
aims of the Academy* is to conduct research |ind to train research .scholars 



*A study' indicates that 37 . 5'^ k)f all* materials In Soviet tjsychology 
'published in cne year was devoted to education and child psychology. See 
Contempora ry Soviet Psychology by Josef Brozek (Chapter 7 of Pr eset-Day 
Russian Psychology , Pergamon Press, 1966). 
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in^eaeral and specialized education, in^ educational psychology, and 
in methods of teaching various school ^lubjects . 

The Academy of Pedagogical Sciences of the USSR comprises tefi 
research institutes in Moscow and^ Leningrad. Many of the studies ^ 

reported in this series were conducted at the Acadeiay*s Institutfe of 

. ■ / ' 

General and Polytechnical» ^ducation, InstUtutte of Psychology, ^nd 
Institute of Deiectology,^ the last of wfiich is concerned with the, * 
special psychology and educational techniques for handicapped chilifrfen* 

The Academy of Peda^ogtfcal Sciences has 31 metabef^ and 64 
associate members,* chose|i\frota among distinguished' Soviet scfiolars-, 
scientists, ^nd educators. Its pe^rmanent staff includesr ni^re than 
650 research 'associates, who receive advice and cooperation from an ' 
additional 1,000 scholars and' teachers, Tlie. research institutes of 
the Academy. have available 100 "base" or^ laboratory schools and many 
other schbols in which experi»ents are conducted. Developments in . 
foreign* countries are closelynEollowed by^ the Bureau for the Study of " 
Foreign Educational Experience and Information. \^ * « 

The Academy has its Own publishing house, which ilsues hundreds of ' 
books eacli year and |iul^lishdte the collections Izves tiygr^Ak^demil 

\ Pedagogichesklkh Nauk RSFSR [^rc^eedings Of. the Academy of Pedagogiial 
Sciences \5f the RSFSR], the-monthly Sovetskaya Peda^ogika [Soviet j,. 
Pedagogy]; and the bimonthly^ Voprogy PslkholoRll lQuestibns> of Psychology] 
Since 196'3, the Academy ha^ been Issuinjt ^collection entitled Novye 
Issledovanlya v .Pe dagft filchesklkli NauVakh ^New^ "Research in the pedagogical 
Sciences^ in order to disseminate information "on current research. 

, . A major differ^ncfe between ^the S'ovipt and American conception of 
educational i^search is that Russian psychologists often use qualitative 
rather than quarititative methods of research in instructional psychology 
in accordance with the prevailing European tradition* American readers 
may thus fir\d that some^of the earli^er Russlah papers do not comply 

. exactly * to y.S . Js tandaTds of design, analysis, and reporting. Bye using 

qualitative methods and by working with small groups-, however, tlje Soviets 

<i) <>•■' ■. 

s have been able to -penet^at^ into the child's thoughts and analyze his 
mental processes. • To this ^end they have also designed classroom tasks 
an^s^ettliigs ^or rese^jrch and ha^e emph^ized long-term, genetic stud$.es 
of llarning. 
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Russian psychologists have concerned themselves with the dynamics 
of mental activity and wtth the aim of arriving .at the principles of the 
^'earning process itself. .They have investigated such areas as: the 

• development of mental operations; the nature and development "of . thou8h,t; 
the formation of mathematical concepts and the related questions ol 

• i generalization, abstraction, and concretization;. the mental^ operations 

of analysis and synthesis; the development of spatial perception; the , ^ ^ 
relation between memory and thought; the development of logical reasoning; - . 

• . the nature of mathematical skills;' and the structure and special features 

of mathematical abilities. . 

In new approaches to educational reseiarch* some Russian psychologists 
? . ' have developed cybernetic and statistical models and techniques, and liave 
made use of algoritliras, malhemati&al Ic^ic and information sciences. 
Much attention has' also been given, to programmed ^instruction and to an 
examination of its psychological problems and its applicatio^i for 

• greater individualization tn learning., , _ mm ' , 

The Interrelationship beli^een instructi^on aijd'^cMld development ±S 
a source of' Sharp disagreement between the Geneva School of psychologist^, 
led by ?iaget, and the •Sov.iet psycliologigts ^ The Swiss, psychologists 
ascribe limited significance to the role of instruction in the develop-' • 
men't of "a ohild. According to them, inatrudtion is subordinate to^^ 
specific 'stages in 'the development of the child's thinking^stages ^ 
manifested at certain age levels and rela.tively ln*i||endent of the 
► conditions of instruction.' , - 

As representatives of the materialistic-evolutionist tfteory of the 
mind, Soviet p.sycho legists a^ribe a leading role to, inl^ruction. They 
assert that instruction broadens the potenbial of development , may 
accelerate it, and may exerci-se influence not on}^ "po^i the sequence of 
the stages of d^elopment of the child's thought but ev-en upon the' very > 
character of 't)4 stages. Tlie Russians study, development in the changing • 
conditions\f instruction! and by varying these, conditions, they ^demonstrate 
how thfe nature of the child's developmeiit changes in. the process. A;5 a ' 
' result, they are also investigating tests of gif te^ness^ and are uplng 
* elaborate dynamic,' rather than static, indiipes". • • ' . 

. ' • • ' ■ 

*See The Problem of In struction and - Developme nt at the 18th J^rnational 
Congress oFPsychology by N. A. MenchinsRaya and G. G. Saburova; 'govetskaya 
'* Pedago"g":Mc"3s " 1967," No > 1. (English translation in Soviet Education, July 
• 1967, Vol. 9, No. 9.) ' * • - 
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Psychological research hfts ha^ a- considerable effect on the 
recent Soviet literature on methods of teaching mathepiatics. Expert- ^ 
laents hav€^ ahown the student 's mktheinatical potential to be' greater 
than had been previously assumed. Consequently, Ruslsian psychologists 
have advocator the necessity of , various changes in the content a'nd ' 
loAhodS oi mathfematical instruction and have participated in/deslgningv 
the new Soviet jpathematics <iurrlculum which has been introduced during 
the 1967--68 acadeadc year, * * ^ 

The aim ctf this series Is to ^acquaint .laathematics educators and 
teaq^ers with ciirections,^ i^eas, and. accomplishments in the "psycholpgy - 
of mathematical instruction in the Soviet Ujiion> ^THis series should 
assist in opening up* a:veWes of Invastigatibn to those whd ar^ interested 
in broadening th^ foundatipns of their profession, f*or it is generally / 
recognized that experiment an^ research are indispensable ^or improving 
content and methods of school mathematics, * * 

We hope that the volymes in this series^^ill be used for study, 
discussion, and critical analysis In course^^er seminars in 'teacher-***^ 
training pirograms or in institutes for in-servl,ce teachers at Various 
levels* 'V ' * * ^ ♦ 

^ At present, materials have been' prepared for fifteen volumes. Each 
book contains one or more art Icies 'untier; a general heading such as The 
Learning tf >athematicaL Concepts, The Structure cfi Mathematical Abilities 
and Problem Solving in G^diaetry. Th^ Introduction to each volume is 
Intended to provide some background and guidance to its content • 

Volumes I^to VI were prepared jointly by the School Mathematics • 
Study Group, ^d the , Survey of Recent East European Mathematical Literature, 
both conducted undef grants from the National Science Foundation, When . 
the activities of the School Mathematics Study Group ended in August, 1972, 
the Department of Mathematics Education at the University of Georgia 
undertook to assist in the editing .of the remaining volumes. We express 
our appreciation to the Foundation afnd to the many people and organizatigns 
wllo contributed to the estaT^lishment and continuation of the series. 
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Jeremy Kilpatrlck 

> ^ ' Izaak WlrsEup ^ * 

« * Edward G, Begle 

James W. %Wilson ' 
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EDITORIAL NOTES 

1/'^ Bracketed Humerus in tKb text refer to the numbered 
' r^fei^nces at'the end of each paper. Wlieref there are two figures, 
' e.g.' [5:123], th^ second is page reference. references a^e 

^:o/I^l8sian editions, although titles have been tra^islated and 
* authors'* names, tr^nslit^ated. . ' * ^ 

\> ^2. The transli-Ceratioq scheme used is that of <:he Library 
of Congress, with diacritical marks omitted , except that hO and i 
arfe rendered as "yu" and 'V^'' insteajd of "iu" and "la.'* 

3. Numbered footnotes, are thos^ in the original paper, 
starred footnotes are used for editors' or translatorlfe comments. 
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Educational research % the Soviet Unibn has produced a consider- -i 
able literature devoted to problems of instruction in mathematicls ''flb 
class^. The new school mathematics curriculim adopted by the Soviet^ 
' Ministry of Education in' 196/ drew upon and reflected this literature. . 
The articles in ihis volume all predate the new aurriculum tr^at 
a variety of learning problaas encountered" in mathematics .classijoQmd . . 

The lengtky, paper by Shevarev report&( §^^^ies of invesfcigatiijns • 
pn' students' ^rbrs in learning algebra. The paper publi^ed i? 1946,'* 
follows*. fr«i?n his earlier stu'dy of algebraic skills [2]. ' It v^ses a"^ 
biend of psychological theory, observation of students in> classes, 
""and analypis of textbook material. JE^e study w'as restricted to the* 
errors occur r liig .when*^* st^j^ents know a rule, arfe able to apply it, but 
^evertHeUsa act contrary to it. ^Ttte better und6ratof«<i • kinds of errors-- ' 
'"errors due to not knowing a rul'e or not knowing how to applj a known 
pTule— were excluded. . , 

ShevaVev, ifke many Soviet psychologists^ draws upon Pavlov for ; , 
» 'thej)retical foundations. Algebraic 'expressions ar|j3perated. on by 

rules learned, and used by tlje ^tud^t. .As these '.rules become practiced^ \ 
their con'scious recall- and applicatiot^ are diminished?, and instead a ^ _ 
g con^'ection is actualized. * lo Shevarev, algebraic skills- in" students. . 
• 'refi^ct connection§, whereas the learning of skills begins tfith;lfaming 
. a rule. - As the rul^ is applie*d and practiced, a fconnection evolves.. 

The dlsti•nctio^ and interplay between lilies and connectloi^? i^ demorj- 
strated throughout" Shevarev'^ paper. Errors ,are-thfe result? of ' incorrect ^ . 
' connections, and^fie provides evidence on the sotirce of these incor^ect^ 
'connections-. ?ot example, students often trea\ed.y(x ) like x • x ', 
^They actualized a connection by perceiving' general characteristics' of the ^ " 
expression but ignoring some specific ones. The -Source of the incorrect ' , 

s ^ - , • .. ■ • 
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. ccmnection was sl)0wn to ba the -^sequence a^d Imbalance the two types 
of proble&is in the teiS^ok 9b& the algebra classes. ^Th©' student a se4- 
dori encountered W?t^ ty^s oj^ probleias in the same lesion or same 
section, and con^liierabiy j&ft^ for prbblema like 

' x"* than for prptaeia^^-llli;;(x^)^. ^ ^ 

Incorrect c§i^ectlon# lea4ing t^^errofs were also analyzed' f6r ^ ' 
algebraic expressicin^ in radigals and for ratioual expression^. Shevarev 
. cbnf lme4 ^that the Bonxc€ 0t was in the textbook presentation 

and .classroom practices that followed from the textbook. One ,<mportant 
.pq^nt that incorrect connections were generated while stuc^ents were ; 
correctly solving ^algebra exercises. ; " • , ' 

Sugge^ions for ;paproviug classroom practices included the appro- 
priate alternation of kinds of. problems and the inclusion of some 
operative suggestions for studentf. The , first deals with the sj:ructure 
; and sequence of textbook materials. Shevajev argues that proWem^ with 
similar general charactei*istics should be studied together so that' 
distinguishing specific ^characteristics can be emphasized. This leads 
n^^turally to Shevarev's notion of teaching operative 'riAes.' It is natural* 
that .a complex mathematical operation becomes routine and algorithmic 
with practice. "Shevarey argues that^ teachers must guide this ^process to < 
avoid thiJf forma tl6n of incorrect connections. ' ' • 

Gbnobolin^s study of pupils' comprehension of geometric proofs was 
aimed explicj^y at improving the secondary school geometry textbook. 
The textt^ook* in .use at the time (1954) was noted for it's, ^'maximum brevity 
of presentation," and the pupils had difficulty understanding the proofs. ' 
6onobolin fcndu^ted a series of ^investigations in several schools to 
discover the' reasons for the lack , of comprehensi'bn and some ways to 
overcome fhe problem. Items Gonobolin investigated tha^: wer§ shown to 
be, needed in instruction included a* sort of completeness of^^^links in a 
ch^ln of reasoning, a schematic ^resentatipn o^ material in a proof, ^ 
9nd a generalized under st^ndlr^g oi geometric mJaterial. Suggest loils'Tor" 
improving the textbook v^ere made. 
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At first glance," thisj'study appears to be, primarilya complicat;fed . 
analysis -if'teeOibook material. ' t-t"* is,, however ^ 'consijlerably 'more. 'The 
repeated ^i!•^S^^p£ rewritten, nsi^rial with students' led to the Identifi- ; " 
(jation of .s6ae genetai^lnstruc'tionai concepts' xjr principles., The cbm- 
pi-eteness of links in' the- chaln .of reasoning is a principle or guidtline * 
by 'which a ^textbook can be .£evised by :^'t8 . autjiors or adapted' by teachers.. - 
who use it. The sc^emattc-presentatiou of material in proof seems 
parallel taPt>ly3'B [,1] advice oia devising a plan.' It is- in ln8trut;tional * 
vdiriable to bemused by teatihers, and ot course *the idea is jiot restricted - 
to th^ partictirar' jnat^riai'.'l.n'^the textbook GonobcvLin was. Using. ^ " / 

.,'Th^ .'paper by Shevchenk* ; is ' a treatise on the rational'e for and metho^^ 
of Instrucjtlon In ti^e history o-if Taathejiiatics in Soviet *^eco;idary schools. . 
It Is k- substantial' review" o5 the Soviet, literatuxe on the use of ^the 
''historical .perspective as a-pedagogical ^nd motivational device, Ortd 
section of the report&vis a series' of lesion plans :an 'historical!' approaches 
to certain mathematical' topics.^ The extensive bibliography is an interest- 
ing feature of the article. . - v ' 
The paper by Bochkovskaya presents an analylis'of three necessary ^ 
doAdltions for preventing firsts' second, and third grade studfej 
errors in Solving , simple arithmetic problems. The paper l^addre'ssed to • 
teachers and is a guide to' instrudtion rather than a research report. 
Bochkovskaya propos^s'N^hree conditions for an instructional system. First, 
the problems should be ordered according to their content and structure 
and the time between the introduction of certain kinds of simpler problems 
should be reduced. - Thus the first grade student caa study opeVations by 
being introduced to unknown addf^nd and unknown subtrahend problems (rather 
than having tKem postponed until the second and third grades). Division^ • 
of objects into equal groups should prepare for division into equal parts* 
Second, problem wouk should develop the habit of selecting arithmetical 
operations on the basis of the entire condition of the problem, not 
the analysis orWnthesis of separate parts. Third, the teacher should 
develop the studknts' self-reliance in solving problems • ^ 
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^ -A report of a teaching experiment, on'thS Interweaving .of piunber - 

concepts into the study of functional relationships; is .given *by, Goldberg, ^ 

who used a peries qf questions^ to develop the' properties of the function 

« kx in eigl\^h grade classes; The (^tiestions ^odi'ed* certain number 

^ concepts Such as- positive versus, .ilegativje, whole numbers versus fr^rctions, * 

' absolute values, and decrease versus inc^rea^e. Goldberg found that* the 

use. o€ iXjumber problems in .the^evelopmeat of funqtioaal relartionShip ' 

, enhanced boDh the k^iowledge of fupctions and the knowl«dge oT number 
* ' ' * • . \' ' * * 

^ properties. Goldberg does not describe the tradttipnal study of ^functions, 

against which hi-s ^ppYoach was c'olnpared'. , ♦ ^ 

A. short article'by GrudenoV argues ^ ^or /the' "extensive" use of lyi- 
solvaJ>le problems in jiiathematit:s teaching. «The psychorogical* foundation- JP 
. ^of his argument is taken ftom work by^# Shevarev -done some time after that 
reported in the first' article of this volume, jb^t dbpe as a direct 
follow-up. An unsolvable problem will have a specific condition 'opposite 
to that of' other problems having the identical general conditions. ^ Thus 
the unsolvable problem will jSdint up for the student any inqorrect asso-^ 
ciations he may have formed, ^rudenov ha's used unsolvable problems as . ' 
a pedagogical device in a'^geometry textbook and workboe^ " 

Jhe final article, by Marnyanskii. concerns the learning of a function ' 
.concept within the algebra course.^ It^^ the report of a series of explor- 
atory studies in grades ^8-10. Th^,^fcVd]^^^is. a fairly domprehensive 
analysis of one, approach to the concent* of 'function. * - * . 

This collection of articles reveal5/the universality of certain 
problems of mathematics instruction. Although the Soviet curriculum 
was quite traditional before 1967,, the aft of analyzing pedagogical ^ 
problems^ was well advanced. The reader may find helpful techniques 
of investigation and andJ^sis, bs well as practical advice on Instruction, 
in these' pages. ^ . ' * 

' ■ y ' c. 
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AN ESPERIMEirr IN PSYCHOLOGICAL 



ANALYSIS OF ALGE8&A1C ERRORS.* 



/ 



P. A. Shevarev 



/ 



/- Pupils' erro^* in solving 'algebraic "problems" can be divided 
into thuee groups': SoTOfitiiaes a pupil does not 'know' the rule that 
must be applied pr does not know it pretisely^ Sometimes he knows 
the rule wpll but still does not knowAow to apply it. ^in^llfr 
there are pases where a pupAl knows the rule, is able to apply it,* - 
but nevertheless acts contrar^ to it. Of these. three cases, the last 
%a the most important and the most intetesting. We shall deal with 
it in our^wbrk. In the, first* two cases, the basic causes of error 
are known; hencey^the practical questions are easily resolved. The 
third instance is different! we have no satisfactory explanation of ^ 
tlje causes of 'error. In this connection, practical questions of how , . 
to. prevent such errors, and what to do if . they have already occ?urred, 
also remain unanswered. 

One might "assume that gle source of errors qf this" kind lies in 
the pupil's failure to -recall tiie rule according to which he stiould 
operate. But it is not difficult ;to see that th;Ls supposition does, 
not fully explain the causes of error. In the first place, why the 
pupil' does not recall the corresponding rule remains incomprehensible. 
Second, the question of why the pupil makes precisely this mistake, 
and no other, remains unanswered. Third, recalling a rule, in general, 

is not an essential condition for correctly;]solving a problem using 

this rule. , ^ 

It! approaching the explanation of s^rrors of the type indicated", 
one must consider several facts discussed, in another work" of ours [1] 
Let us cite thesi;e fa9ts. When a- pupil is solving an algebfaic '^prj^blem 
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of a tlype well kno;^ to him, he operates In strict accordance 
definite rules. Fro;n logical point of view, the process of / V. 
problem solving' is a cAain of *deductionls. In almost all < 
however, the pupll^ solviqg these problems is no£ aware op^y rules 
, and, -in fact, makes no deductions. How is it posslbl^or a 'p^il ' 
unaware of Vules jievertheless to act in fiill accorji^ce with them? 
Without making deductions, hov is it possible for him. to behave 
as if hejvhad performed them? ' ' 

Analjrsis'of data shows that spec Lai and..distinc.tive combl-nations 
of intellectual processes play' 3 subataafcial role here. In' tb^ 
simplest case, a coijBlnation- of. thist tj^?^ consists of .two components', 
the first is the recognition, of the features* of the algebraic' 
expression (sometime only its defin'ed part), or of the feature* of 
an operation Ju^t performed. The second' compoifent Is an orientation 
toward pej^s^lng a definite kind of intellecti^l operation.' ' 

S^ose we are solving a problem on multlpXylng the roonomlAls, 
3^ '5a\, in Which we do not recall the, corresponding rules. In 

• this case, the following occurs; * 

» ■ • 

(1) Recopition that the algebraic expressions to be> 
multiplied are monon^lals eritalls the rise of an orlenta- 

. tlon toward the menta^ selection and- specif Ication of 
coefficients. 

(2) Recognition that these coefficients are expressed 
, (In the given case) by simple numbers entails the rise of 

an orientation toward recalling , the products of these numbers. 

(3) Recognition that the number that arose in the mind is^, 
the product of coefflcientsj^ stimulates an orientation toward 
recording it on tfie right-hand side of the equation. 

(4) Recognition that the product of coefflcdents is wrlttei 
on the right side 'of the equation prompts an 'orientation towai^ 
selecting and specifying Identical letters in the monomials / / 
multiplied, and so forth. ■/ 

.Simple combinations, similar to those just in^iicated, are/frequently 
united into a single whole^to form complex combli^tions . In /bur exfiraple, 
the second and 'third conjbinations are almosC always fused t/gether ' 
recognition that the coef f Iclents ' are simple number's promp/s an orlen- 
tatioiFtoward both recalling and recording the product ofi^these numbeps. 
Sometimes recognition that t*ie expressions multiplied ar4 monomials, ,. 
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We^iately produces an ^ientation toward specifying both, coefficients ^ 

an^' letters. .' ^ ..^ ;.V . \ 

, Xo designate combinationl' of the type indicated, simple fts well 
4 complex,, j^e suggested the Urj^connectibn [konneksiya] . One 
sfioniid note that, both correct anY incorrect connections are pos^it^«| ! 
/ ' When we solve an a^eUJ'aic 'problem- by actualizing correct '^o^c- ^ 
ti-ons. our operations correspond exactly -to^ those rules govetning the 
given case.' In elementary al-gebra, correct cdnnections .usually ^ arise . 
from,Qpera'tions, based o,n tHe' recognition of rules." When d pupil solves 
4n algebfaic.problefli^ora specific type for fhe first time. , he assimilates 
tfh6 -general features'"" of the Wr^on given him,' 'recalls the correspond- 
Ing rule,'. W .pf rio.rms a series ^f deductions by which this rule is . 
••^lied to ponc|(^ da^i. ■ There arises In him-an orientation toward ^ 
•ejceciif ing a deHnite intellectual operation. • Recalling rules, and- 
performing deductions, however, disappear during ^he repeated solving ■ 
of ptbblems.of the same type* Only the pei^pheral links ^ of the process 
reifeln; pecogniling the general features of the given expression now 
Imigediately entails dp oirientation toward performing a definite Intel- 

. ■ * , ' ■ ' * 

lectual'operatijjn. • ' ' .' 

• Every incorrect connection" also corresponds to a definite rule. 
But the fule to which an incorrect connection corresponds Is a false 
"rule. Analyzing how Incorrect connections arise is one of the main 
tasks of our research, since these connections underlie errors of the - 

kind Indicated above. * A 

■ .essential and sufficient conditions for actmizing a definite ^ 

(jonnectlon are: 

(a) perceiving the expression or performing operations 
corresponding to the first component of this connection;^, ^ 

(b) recognizing the task that one can execute by actual- . 
izing this 'connection,' although recognizing this task is 
sometimes quite indefinite; •' ^ • 

(c) an orientation toward performing this task by agtual- 
'■ izing connections, that is, wi^ihout recalling rules. 

In selecting work methods, we proceeded from the foH«wing conslder- 
' ations. We assumed that a broad application of experimental methods is 
, not permlBeible in studying algebraic errors.^ In ttie first stage of 
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•study, isolated, saall scale experiments cannot produce v^al^ble 
results. Similarly, as t^e experiment revealed, observations' of 
*^l»e^rop^ses.of, classwork an^ of a pupil's work outside class 
give very sparse and incidental materifa.; Theijefore, we decided 
first of all to perform a psychological analysis of those error^ 
found in assigfiments. ' 

I, K. Novikov, director ^q'f Moscow -secondary school Nb. 110, 
kindly let us use thp assignnients' of pupils from two parol Jel eighth' 
grade classes, fiach pupil did his a^gignaents in ihe same ndtebook, 
which Was kept in school between assignments — a circmnstance that 
assured^ conq)leteness of' material. In 'school , ^he pupils kept speciJ 
"collective notebooks?' ["krugovye tefradi''] , in which all problems ' 
solved in. ^iliss and at home were recorded In cHronclogical order. ^ 
The facts'^ that one can establish by- studying thesp ''collective note- 
books" helped substantially in determining the causes of errors in 
sevital cases. ' " 

We were able to discover the causes of ojjjjg^^few mistakes. To' • 
understand the cau^s of errors made ^ in assignn^nts/ several special 
conditions are essential, although not always present. Heace,. there 
is no** doubt that many other causes of algebraic errors ^till exist y 
besides t^hose we uncovered. Let' us make one more preliminary remark. 
In analyzing errprS, one may have different aims in mind. The task . 
may be only to explain errora, that is, to determine which facts and 
re|ularities already known underlie a given error. ^ In this approach, 
mistakes that canno^t be reduced to facts and regularities alreadjr 
known must be set aside. But one can have another aim. In considering 
th^, facts already known that . may b^ the cause of error, one can^seek 
indications of facts and regularities still unknown. Not every mistake 
of course, contains such indications. ^ But , in this approach, prefcisely 
those mis^^es in which these indications can be revealed offer 
greatest interest. The second of these two possible approaches seemed 
more fruitful to us. We considered in a(ivance, of course, that the 
conclusions to which this approach leajis will often have only hypo- 
thetical significance. In what follows, we shall not stress the hypo- 
thetical aspect each time, but one must always keep it in mindi 
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Part I ... 
*. ■ • . ■ 

In pne asalgniaenl:{' eight' pupil9 ,(fsom twoyp^ranel classes .. , 
^made aor error of the following type: ' • ,^ 

^ ^2n \2n 1 m +" 2n - 1 , 2n"'+ 2ii - 1 

r~^f ' 3+2n-i . ^ • 

- ' - ' , ' / 

Inafcfead of 'mdltiplyins the exponent of each letter b;^^~£he exponent 
of^'the fra(?^on, they, added. the fraction's exponent to", the e^openta 
of *he letters. 6thejc words ,^ they Ade a-^Lstake* of the type. ■ 



\ 
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where jl and M are anV numbers, letters, or^ algebraic .expressions.' 

One might suppose that the pupilfewho made this error had 
forgotten the corresj^on^ing rule and hacb^^rb^j^ a false rule. 

This conjecture seems*, all the more probable, since the assignment in 
which this m;Lstake was made'^ad been given to the pupils on September 
16. During the two preceding weeks, the pupils did not. solve a single 
problein on raffing a power to a new power, and not one complex problem 
that involved the elevation of one power td another. Therefore, the ^ 
pupils-' operations weVe detemihed by the same knowledge and habits 
that they %retai\ied from 'the preceding fechool year. 

Th*8 cassumption, liowever, is untenable.- In the same assignment, 
the pupils had to formilate', in writing, the rule for elevating a 
power to a new one, an4 all the pupils in question formulated it 
correctly.^ One should Vote ^that the problem in^wliich the error was 
made occurs £irst in the assignroetit, and the task of formulating the 
rule occurs third. , ' • 

The, notion may atise that the erroneous operation performed by 
the pupils vas accidental, that is,, was not coni^ected with the features, 
of the expression (a^)^. But this- not^-oh alAo does not accord with 
facts. If the conne'^tlon were 'missing and the operation were accidental, 
'then we would have a great variety of mistakes 4.n solving the problem 
indicated. But, in fact, in solving this problem, none of the pupils 
made any other error besides the addition of exponents. 
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Where is ,5ae to seek the cause df' error ?^ We gKaill^note that 
the pupils who ma^e 'the mistake did not recogni^lt of course, the ^ 
rule for raisiiig a povei; to a new one. If they were" aware of it, 
they wqOld have solved the problem correctly • At the/ same time, 
the opferatioi^ perfortned was no dotAt connected with certain featiird^ 
of ^e expression (a^)^*. thus, it follows that the caus^ of error 
was the* actualization of sn . incorrect connection. Its second com- 
ponent, apparently, was an orienta^on for adding exj^onent^. Ir may 
be ,asked, how did ^:his cpnnection arise, and what wa&'its first com^ . 
pdiie^f:\ The two qvestiods^re intimatWy. connected* • 

. To xesoWe these Tqueii^tio'nsj tfet ffrst aote that a connection \ 
Jsfertainlng to ^jJrohleias on multiplying. degre'eg. of the. type^ a tio 
doubf ^xistedt in tWminds^of all eighth ''grade pupils.' A&-our^arl;Ler 
research showediifl], fhis . connection, already existed in ^e .minds of 
allf seventh grade pupils. The first oojnponent of this connection is 
t^jie recognition of the^d^f ifiite features of the expression mentioned j 
the second is an oriefttation *f or addi^ exponents. In thi^connectioti, 

one naturally^ s^posea that the pupils iiv question sonlfehow '*conf usedj 

. , ' M N M N 

the expression (a ) with a -a ^ ^d, therefore, perceiving the f^ 

expression, performed an operation pertaining to the second. 

This Qpnjecture correctly pcrints- the way to an explanation for 
the error. Indeed^ some '^mixing" of the ^wo instances underlies the 
error; one cannot understand it otherwise. But this supposition still 
does next give a, full explanation; it does not indicate those pro.cesses 
that 0£;purred in Che ^'mixing** of thei^ cases mentioned above* In par- 
ticular, , it does not answer <the questions outlined above. One must 
mke this process concrete. " 

'By way of concretization, one can suggest the following: in 
solving the corresponding problems, at first two completely correct 
connet:tlons arose in the pupils. In one connection, the first com- 
ponent was recognizing essential features of the expression (a^)^; 
the second component was an orientation toward multiplying exponents. 
In the second cox5i\ection, the first component was recognizing essentia^ 
features of the expression a *a ; the second component, an orientation 
toward adding exponents. But after the holidays, as a result of 



-forgetting, the f;lrst components ofif these connections lost their 
specific features and merged with one another* 'A connection was 
'formed, the first component of which was recognizing several 'fea- 
tures characteristic of both expressions mentioned abb-jfe (the 
'presence of two easponents, for example) . a result, an Orients- , 
tion orjtglnally -connected with features of the second- expression 
arose in percfeiving the first one. , > • ' 

•This assumption is supported' by t^e well-known fact that 
. specif ic^ features fade first in the process of f orgetting,.^ Hence, 
a. fusion of what was separate earlier may be the result. One iiust^ 
adflti^Jt .that forgetting, of course, playecT-a role ^^the jrise of the 
Incorrect connection examined. Nevertheless , this assumption should 
be discarded as not corresponding to reality. ' " 

In fact, if tKe first. components of the -two connections had lost 
their specific features and were combined, then what should be the 
second component of the single connection which arose this way? 
Apparently,' both orientations (for adding and multiplying exponents) 
have equal chances of becomiji^he second component. Therefore, 
together 'with errors of the type we analyzed (adding exponents in 
• raising a power to a new one) , we should have had approximately the 
same number of mistakes of the opposite type (multiplying exponents 
in multiplying powers' of one letter). However, in the assignments 
we studied, there was. not one mist;ake of the second type. And, in 
general, we did not encoiinter errors of this type. Hence, the 
incorrect connection in question was formed precisely whfle the pupil 
was solving such problems, and not when he was dealing with problems 
of both types. - ^ . 

Therefore,' the assumption naturally arises that the incorrect 

> 

connection arose when the pupil was solving problems on elevating a 
poker to a new one. But this assumption is indivisibly linked with 
three others : 

(1) this connection arose*when the pupil was solving ^ • 
'the first -problem^ of this type (since connections, correct y 
or incorrect, generally arise in solving the initial prob- 
lems of a specific type); therefore, in solving these first 
problems, perceiving the ej^ression (a^)^ entailed an orien- 
'ii' tation toward adding exponents; 

> 
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(2) thts Incbyrect. orientation arose because the pupil ' 
proceeded from ^ the recognitiaif of a distorted rul« (fot ob- 
viously, ♦t the lODiaent in question, nofcthejr reasons could ' 
induce 'this orientatioft) ; distortion of the rule occurred 
because the pupil "confused" the elevation of a power to a*\ 
new one with 'the multiplication of powers of rtie letter; 

(3) later ,^ ail those processes that would liaye inevitably 
dest;royed the incorrect connection that?' had arl'^es:' and , at 
the same ^ime, would have inciuce'd the rise of a correct 
connection were missing. cJl " * » 



Let us checil these last three assumptions with the "facts. First,' 
as our observations dhdt^ed, while a pilpll was solvin| his initial t 
problems on applying a sl^mple rule,* cases of distorted reco^ition of ' 
this rule very ^ rarely occurred. Hence^ the assumption ^that all eight'/ ' 
pupils^ under consideration h*ad^procaeded from a distorted rule in 
solving their initial p;x5blems hah lit|\e likelihood of being true. 
Second, at the school In question, wor^ on algebra was so ^organized 
that only in very rare cases could an ^rror ^de by a pupil remain 
unnoticed, unrecognized, and uncorrected. At the same time, one must 
consider that each pupil solved dozens of problems^ on elevating a 
power tc^ a new one. The supposition that a significant percentage 
of these problems was solved incorrectly under such conditions is 
quite im^obable. Therefore, even if the initial problems were solved 
incorrectly, in almost all cases, a large nuimber of problems followed 
that were solved correctly. Hence,, the incorrect connection that arose 
in s'olvijfig the initial problems could be preserved only as an exception. . 
Even if the erroneous cerpnection at first arose in all eight pupils, 
the probability that it would be preser-y^ed in all of them is totally 
negligible. ^ 

Tims, one must conclude that the last three assumptions, taken 
together, are not in accord with the facts • But, as we already said, 
these three assumptions stem necessarily from the first basic supposition. 
Therefore^ one must admit that the first assumption also does not 
correspond to reality; that is, the incorrect connection in question 
did n ot arise in solving problems on elevating a power to a new one. 

Only one possible conjecture remains; the connection we are 
■examining arose while the pupils were solving problems on multiplying 



tures peculiar to each expressibn^ we shall call fhe specific featilres \ 



'[scjwers of one letter! If so, vhat was the first component of this 
connection? * ♦ 

To answer -^is question, let us note the similarities and dif-* 
ferences between tn^ expressions a^*a and (a ) « Let us call t\ie 
features common to h\th expressions the general f^^a^res of thAse 
expressions. Such common featur^^s are the absenc^ of plus m^us 
signs on the base iine and the presence of two exponents, "^e f^a-? 

of the^expressidki. The spec|,fic feature of t;he first* exprei?ision is 
the presence of two identical letters (bases) 'on^e line; the 8p*ecifio^ 
feature jjf the second expression is the presence of only one such letterl 

The connection we are analyzing arose, as we said, ,while^*the pupils 

' ' ' * M N ' j 

were solving problems of the* type a 'a . But in the eigl^t pu^rfls who 

made the ^mistake, it was actualized in solving a problem of the type 

• M N 

(a ) • Consequently, only the general features of these two expressions 
entered into the firsj: component of the connection. If the speci^c 

features of the first expression had also entered into it^ then this 

% ■ •If'' 

qonnection would not have been Actualized in perceiving the second 

expression, which does not have thesie specific features. 

Thus, the first componpnt of the connect ipn that itiduced the error 

we, analyzed was a recognition of the general features qommon to the 

expressions a^^a^^ai^d (a^)^» Ijts second component was an orientation 

for adding Exponents. .When this connection was actualized in perceiving 

Expressions of the first type, ^ a correct result was obtained. But when 

it was actualized in perceiving expressions of the second type, a mis- 

take arose, . ' * , 

However, one must modify what was just said.' In the same assign- 

ment, immediately after, the problem in question, d'ame the problem: 
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' .All the pupils yho made the mistake we analysed solved this problem 
correctly; they correctly squared the powers of the giveij letters (five 
times in succession). Therefore, in these pupils existed a correct 
connection, of w^iich the first component was a recognition of definite 
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one must note that afttig^rlng pol^ht^occilpiea^ a special |)lace In.atl ^ 
elementary 43,geb« course. r Pupils ^re'aQq^iainted with this^pera^^^ . ' 
tion much earlier than elevatlft^ a poWer to% new one. Durijag thi| 
course, they solve ,a large ninaber bf problems that^ental^ the ' - , 
squaring of mo^omialS| lu ^particular, one* mustj^ execute latay^etfch 
operations ,ij^ solving problems on^ squaring^hinot^als and polynomials 

In all pipjbabillty, even in cases <^,^the*type wv^ , a, correct j 
connection was also actualized, since ^suth csses^also occupy & splclvSl 
place (similar to cases of squaring) i-^^aii ^^Ara courpe.^ But we* can 
say nothing definite about those cases ^|^ere [rh^''e^on^nt>^qual's ^ 
6, 'and so forth. Possibly, a cof4^ect connection was ^ctua|.ized. e4en 
M the^e cases. But it Is possible the /pwpils have aire a4y entered % 
^ the sphere of an incorrect connection* ^ . . ^ f 

Concerning this, two additional assumptions pertaining to the first 
component of the incorrecr 'conneht^^n examitxed are possible. Perhaps 
the recognition that N is. neither 2 tu>i> 3 also entered* into the first 
component, togith^ with the perception , of general features charaqterA ^, 
/l&ttc of the expressions a^^»a^ and (a^t^. According to the second 
possible suppositij^, the 'recognition tha*t N is a letter or an cxpres9lon 
in letters (and not in numbers) also entered into the first component, 
^along with the ^^recognition of the general features indi^ca^ed. 

Soon we shall need these ^o assumptions ,^^but M^o^^ily', for 
simplicity of exposition, we shall consider only the general features 
of the expressions mentioned above. We have^establistled that th^ 
incorrgjct connection arose while the pupils were dealing with prdblems 
on multiplying powers of one letter. But we still do notRtWiw how and 
why this erroneous connection arose. , Apparently, it arose only when 
pupils, dealing with expressions of the type a -a^, recognized only 
general (in the sense indicated above) features. They nevertheless 
performed the correct operation, that is, added exponents. And this 
means that, at ^ome stage of mastering multiplication of powers, con*- 
aitions existed whereby: (a) situations requiring the, pupil to recognize 
not only general, but also .specif ic features of expxessi^s ofs^e type 

10 \ • ' , ^ 

y 
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• / a , were missing; -(b)^ whenever the pupil recognised only general 

• / features of this esfpression, he nevertheless solved the problem 
^ •> correctly , that is , added exponents . 

• To understand how these conditions arose, ^ let us examine-ithat 
period o;|^ time when the pupil was alteady acquainted with Jnultip lying 
powers, but still knew nothing about dividing powers, at raijsing'^p^e * 

* power to another. During this period, in solving problems on m^ti- 
giying powers, the question' of what Speration qjie must (or can) 
perform is very often decided even before, the percept ion, of d^t^^, 
; ^ ' The pupil has Just familiari^eH himselfi with the rule for multiplying 
powers and has been solving the corresponding problems in class. 

• »He ki^ows, therefore, .that the homework given him will consist of 

prob^ms on multiplying powers. In other words, he knows in^ advance, 
even before perceiving^rdata, thaft||^'*must add exponents. At the 'same 
time, the section of the textbook containing these problems is entitled 
'Multiplication of MonomLals." Swt the pupil knows the rul^ for ^ ; 
multiplying monomials; the rule states that one must add expoi^tfts of 
identical letters. Therefore, he again knows, befqjre perceivjnjg facts, 
^•what operation with exponents he shoulll' perform. Finally, a pupil 

• must usually solve in succession seve^l problems immediately following 
''one ^another in the ' textbook. The pupil knows that problems in the^ 

textbook are arranged by sect ipn and by type. Therefore, after solving 
the first problem on multiplying powers , he knows he' will have to add 
exponents in the next prob^m. 

Thus, in all these situations, there is no^need to recognize those 
features of an expression that indicate one mus^t add, and not subtract 
or multiply, exponents. And these features, obviously, are the specific 
features of the expression — the presence af two bases and the presence 
'of a Mot between them (or the absence of any sign). In the process 
' of shelving the problem, of course, motives arise t:hat prompt the pupil 
to recognize certain features of iSe data, ,But these features are 
either concrete features (for example, the f^act that the base is 
expressed by a letter and the exponent by a number), which do not 
interest us now, or general features (the absence of plus or minus 
signs on the line -or the presence of two exponents). 

' ' - 'ii • . • ^ 
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^Thus, in fact, we aee th^t a stage of xaastering the multipli- 
cation of powers of one bas^ exists in which: (a) certain impelling 
motives, prompting the pupil to recognize specific features of an 

.expression, are missing,, and (b) if the pupil recognizes o nly general^ 

» 

features of this expression, he will nevertheless perform the correct 
^. operation. If so, during this period cases occur, no doubt, where 

this Or that pupil solves a problem on multiplying exponents without 

recognizing the ^ecific features of the expression indicated. At 
t the same time, if he occasionally solves a problem without recognizing 
^ its specific features, t^e chance that he will solve it the same^'way 

another time is undoubtedly increased* As a result, the same incorrect 

connection discussed above will arise. Its first component will be 

.s^ ' ' M N ' 

^^^Yecognition of only general features of the expression a -a ; and' its 

, second component, an orientation toward adding exponents. 

' While this explains how the incorrect connection arose during the 
olution of problems on multiplying powers, it still does ^not explain 
why ti;^e connection was preserved when the pupil^, having xa^teted the 
multiplication of powers, after a while moved to the elevation of one 
power to another. One must think that the correct connection arose 
in the pupils while they were solving problems on raising one power- 
to another, the first component being* the recognition of all essential 
features of the expression (a^)^, ai^ the second component, an orien- 
tation toward multiplying exponents. Why was this correct connection 
not actualized while the assignment was being performed? On the 
other hand, it would also seem that, while the pupils were assimi- 
lating the elevation of* one power to another, the incorrect connection 

In question should have been reconstructed and converted into a' correct 

* . ' ^ 
one. For at thip stage of Instruction, thfe pupils were dealing not 

% M N * M N 

only with expressions of the type a 'a , but with the type (a ) . 

Therefore, to perform the correct operation in the first case, the • 

pupil,, it >7ould seem^ should have noticed not" only the general, but 

also the specific features •f the first expression* Why was the 



Incorrect connection not reconstructed? 



To find an answer to these questions, we counted the number pf 
problems in the textbook "(by Shaposhnikov and Val'tsev) on multiplying 
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powers and on raising one power to another. We considered only 
elementary problem^. Fox example , we counted three problems on 
multiplying powers in th6 case of a^'^c™*a%.^c^* We tabulated not 
only problems found in the sp.ecial sections '^Multiplication of 
Monomials" and "Elevation" to a Power," but also all the cases where 
the elementary f^roblems on multiplying powers and on rallying oi;ie 
power to another enter into more complex problems. Of course, the 
number of elementary problems entering into a cpmplex one sometimes 
depends on the method of solving the complex problem and on what 
simplifications /are performed after completing a given 'operation. 
W^^ounted from that method of solution and those transformations 
containing the smallest number of elementary problems of interest to 
us'. - At the same, time, we also recognized that cases where^^any power 
is squared or cubed no doubt form a special . group. Therefore," in the 
first, variant of our count, we excluded all cases in which a pupil 
wJife confronted with the task of squaring or cubing a power. As we 
indicated above, it is quite possible, however, that not only do 
these problems form alseparat'e group, but in general all cases in 
which the exponent of 'the power to which one must raise a given power 
is expressed by a number form a separate group. Therefor^, in jthe 
second variant of our coxmt , we considered only those problems - 
elevating one power to another in which the exponent. of t^ neW power 
is expressed by a letter or by an Algebraic expression* Of 'the number . 
of problems on muitiplying powers \n thiis variant, we considered only 
those In, i^yhich one^or more ^axMnents were expressed by a letter 6r an , 
algebtafc expression.' " . . 7 

In the first varlaiit, we Obtained the following results; the first 
four chapters of the text contain no less than 620 problems on multl-^ 
plying powejs; in the fifth chapter, there are 58 problems on raising 
one power to another, and . not one problem on^ult ip lying power?^ in. 
subsequent chapters, there is not a single problem on elevating one 
power to another-, but no less ^iian 360 problems on multiplying powers. 
In the second variant of our tabulation, the results were; in the first 
four chapters, no fewer than 160*- problems on multiplying powers ; in the 
fifth chapter, 39 problems on raising one power to another; in subsequent 
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chapters, not otie problem on either multiplying powers oir elevating 
one power to another. * * S 

The order in which the pupils solved the problems dfd not fully^ 
agree with the sequence"ihr-which these problems were^ arranged in the 
textbook. But^ as we were able to establish, these deviations could 
be disregarded. Moreover, the pupils of course did not solve all the 
problems found in the textbook. At the aame time, they solved several 

problems not in the book. These two cArcumstances could not, however, 

I. 

substantially change th^ relationship between the numbers of problems 
of various types that our calculations revealed. Therefore, t|ie 
numbers mentioned above generally give ^ true picture of both the 
number of problems of differeait types solved by the pupils, and the" 
order in which these problems were solved. . 

Consequently, the description of the incorrect* connection we have * 
given could remain totally unchanged by these data. It could have been 
modified and corrected if, at a definite stage of work, the pupils had 
alternately solved i^roblpjjis on multiplying powers and on raisfing one 
jpower to another. Under these conditions, the pupils would have been 
, compelled to recognize not ^only general, but ^1 so specific features of 
expressions.* But, as the data show, alteration of the two types of 
problems was lacking. At first the pupils solved problems on multi- 
plying powers without solving problemp on raising one power to anotherN. 
The incorrect connection in question arose here. La^i^r, without at. the 
same time aplvlng problems on multiplying powers, they solved problems 
on eleva'ting one power to another. Possibly, at this stage of work, ' ' 
certain tendencies to reconstruct the incorrect connection in fact arose. 
- But these tendencies could not appear or be reinforced, since the^pupils 
were not dealing with problems on multiplying poyfers. Finally, after a 
long period of time, the pupils again solved problems on multiplying powers 
without dealing with problems on elevating one power to another. At this 
stage, ther^ again were no objective conditions that could have precluded 
the possibility of solving these problems by actualizing an incorrect 
connection. Therefore, £he incorrect connection could remain unchanged 
even here. 

One must note that, during this tj^iird period, the pupils dealt only, 
with problems on multiplying powers whose exponents were numbers. But, 

) 
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as already said, pe^rhaps such cases foirai ?i special, group and bt& * 

not related to the incorrect connection in que^ion. If so, the 

incorrect connection that arose .earlier not only could, but alao 

should remain^ unchanged in this third period. ' p 

Of course, after familiarization with problems on raising one 

power to another, it Is quite possible that the incorrfect connection 

formed during the multiplication of powers was reconstructed in, several 

. M N 

pupils, . This cojuld be caused by a conscious Juxtaposition^ of a -a 
and (a^)^, and^by the clarification of not oi^ly es^temal, but> also 

^semantic distinctions between them- But the conditions we descxibed ' 
for solving problems were such that they did not "demand th^ recon- 
struction nor force its execution. Therefore, towards the end of the 
school year»- the incorrect connect'ioti remained effective in seVeral 
pupils. It appArentlj existed in those pupils who made the mistake ' 
we anaLyzed. , ^ ' ' ' 

% Our tabulation also answers another question: Why was t^e correct 

connection, which arose in solving problems on raising one power to 

.another, not actualized in carrying out the assignment? As we have 

seen, the numbet of problems the pupils solved on elevating one power 

to another was ^everal times les^ than the nximber they solved on 

multiplying powerfe. It is quite natural to suppose that the correct 

connection was significantly weaker than the incorrect one under these 

conditions. It is also possible that, during the holidays, the weaker 

correct connection weakened to a greater extent than the significantly 

stronger Incorrict connection.^ THferefore, when the pupils in question,^ 

returning to school aftet the holidays; encountered an expression of ' 

the type (a^)^, the incdrrect, and not t\e correct, connection was 

y 

actualized in them. 

To understand fully the causes of the error tolerated by the pupil 
one should examine two essential questions: (1) Why didn't the pupils, 
knowing the rule governing cases of (a^^)^ well, reproduce this' rule in 
solving the problem? (2) Why, having recalled it immediately after 
solving the problem (when they had to formulate this rule in the same 
assignment), didn't they suddenly catch thems.elvep, return to the prob- 
lem, and correct the mistake? ' ^• 
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i , ... 
We think that only one answer tan be given to the first question. 
One must assume that the pupils' perce'ptibn of the expression (a^X^ 
contained a feature which precluded the recall of the rule. The 
follQwing considerations enable us to make this general fiupposltion 

concrete. 'As we already clarified in our earlier work [1], a rule 

• ■ • f r 

is recalled only when a'prdblem is unf^ailiar to us and, if only for 

» ' ' ^ ( * • 

an instant, the question arises: '*Wha|i ijiust be doneV* tn the absence 

of this question and the presence of i moment expressed by tl>e words, 

"I know what must be done," the problem is solved by actfdallzlng ^ 

i> connections. In otl^er words , recognizing that the task is familiar 

produces an orientation tC)ward solving this problem by. actualizing 

connections. Thus, we obtain an answer l^o th« ^irst question posed 

M N ' ' ' 

above. In perceiving the expression (a ) , our pupils had an Impression 
of the familiarity of this problem, an awareness that they knew how to 
solve it. These features of the perception»prompted an orientation to 
perform the task by^ actualizing connections. Hence, the corresponding 
rule did not become conscious., / The /task in fact was executed by 
actualizing a connection. ' 

Let us procfeed to the second question: Why didn't the pupils, 
when they had to formulate the rule for raising one power tp another 
in the assignment, later correct the mistake they had Just made? One 
must seek the answer to this question 'in the content of the first com- 
ponent of the connection actualized In solving the problem. As we have 
established, its first component was the recognition' of only general 
features of the expression (a ) . The fejSecific features of this 

expression, by which it becomes a power elevitted to a new power, remained 

M N M 4- N 

unrecognized. This means that, having written (a ) - a the pupil 



'did not recognize that he was dealing With a problem on raisi^ one * 
power to another. Therefore, it is fully understandable why he did not 
recall the problem Just solved after formulating the rule for elevating 
one power to another soon afterwards. He had no reasons for recalling 
it. In the pupil's consciousness, the problem in question was not^ 
related to the rule for raising one power to another, and vice versa. 

. To conclude our analysis of the error, we must investigate one^ 
more question that inevitably arises at almost every stage of analysis. 
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As we have seen, the causes for the rise and preservation of the 
incorrect connection were,: (1) the conditions under which problems 
on multiplying po^i^ers #f one letter were solved; (J|^ the small ^ 
number of problems a pupil solved on elevating one power to another; 
and (3) the order in which problems of botli types were solved • But » 
all these conditions Were the same for all the pupils. Why did the 
incorrect connection arise and persist in only eight pupils, and not 
in all pupils of both classes? - ^ ^ 

To answer this question, one must note one important circumstance 
that we have not considered yet. The recognition of specific features 
of an expression arises not only^ when the objective situation demands 
it-, but also, sometimes, when we have a general orientation, habit, 
or custom^^of ' solving algebraic .probleia& consciously . ,This orienta- 
tion may lead us to carefially perceive all essential features of the 
"data," subsume these ^'d^ta*' undef a corresponding concept, and only 
afterwards strive tq perform ^pec;ifi<: operatii>hs. This orientation 
already begins to be formulated in the very first stages of studying 
algebra, but it is still quite unstable at first. It of course needs 
reinfordfement. Moreover, the stability of this orientation is more 
significant in some pupils; in others, it has a tendency to fade 
away if it remains unsupported in practice. Naturally, pupils in 
whom it is more stable, in solving problems on multiplying powers, ^ 
will clearly recognize all essential -futures of the data feven when 
the situation does not demand this awarenps of them. Hence, the 
correct connection arises lin them. Other pupils, in whom the stability 
of an orientation toward conscious solving is insufficiently high, will 
perform the multiplication of powers without this awareness under 
^conditio^ns where compelling motives for recognizing all essential features 
of the expression a^*a^ are missing. The incorrect connection in 
questior/%^^ill arise in. them. ^ 

In the assignments we studied, one can find another series of 
errors whose causes ate analogous to those of the mistake Just analyzed. 
There is tvo need to examine all ^ese mistakes. ^We shall describe only 
two of them. 

0^ 
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lu one assignment, the pupils had to reduce the root 

3, 
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.to its simplest form. They had rarely^eaif with expressions of 



this type earlier. In the problems the pj^plls had solved prior to 
this assignment, there were A30 cases of e^ya^iting roots of monomials 
with a "plus" sign, and only 11 instances with fil\"minus^ sign. In the 
month immediately preceding the assignment, they ^JLved 295 problems 
on extracting roots of moxiot^ls with a "plus" s^i^,' ajid not a single 
problem on extracting roots from monomials with a ^-mii^ud" sign. 

, Nevertheless, almost all pupils ^Ived the problem perfectly. 
Perhaps these pupils had recalled the rule pf signs fb^^ extracting 
foots and acted according to this rule. It is possible ^.however, that 
the corresponding correct connection already existed, in thj^m. But 
two- pupils m^de mistakes. They wro^te 

3 



In other words, they made an error of the type 

> n 



Apparently, they did not have a correct connection corresponding to 
this type of problem. There is nothing surprising about this. We 
saw that the numbe;jr of s^uch problems the pupils solved was .generally 
quite small, and that in the following month they did not solve such 
problems at ail. There is also no doubt that they did not recall the 
rule that would have shown them how %o operate. 

In such situations , the question usually occurs to us : Is it 
possible, with the aid of a transformation we know, to reduce the 
given expression to a type familiar to us? This question, apparently, 
also occurred to the pupils. It was resolved as follows. The pupils 
" were able to extract a root when a ^'plus** sign stood before a monomial, 
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and th^y knew they could do this. But they didn't know how to operate 
when a "minus? sign stood before a monomial., Hence, the thought oc- 
curred to them; transform the expression under the radical sign so 
that a '^plus" sign Vould appear before it. They decided to "remove" 
the minus. 

This thought is not incorrect. in itself. Proceeding from it, one 
could have performed th^ following transfotmations: 

3/ — =- 3 



But this transformation did not, and could not occur to our pupils. 
They^ of course, were seeking something familiar and well known; and 
this transformation, despite its simplicity, was not familiar to^^hem- 
(in the first ^art of the textbook by Shapos^uikov and Val*tsev, wa - 
did not find a single problem in which one had to perform this trans- 
formation to solve it). Hence the error was inevitable. 

Why, how^ever, did the pupils perform precisely the^ incorrect 
transformation indicated abc^ve and no other? The assun^tion that 
they had proceeded from the recognition of an incorrect "rule" no 
longer arises. , If the pupils had recognized that astbnishiiig "rule," 
according to which they in fact had operated, then they of course 
would have immediately noticed its absurdity. Therefore > the supposit4.on 
remains that thei error was prompted by the actti?ii«€F!l:o^ of a connection. 

Considerations analogous to those we mentioned in analyzing the 
first error *show that this inco^tect connection arose while performing 
transforations of , the type 

J 1 / 

X . 

The first component of this connection was the recognition of the general 
features characteristic of the expressions x ^ and -x^; its second com- 
ponent is 'an orientation toward writing fractions in which the nisaarator 
is a unit and the denominator i^ a given expression without a minuis. 

It is not difficult to establish the dauses for the rise of this 
incorrect connection. When the pupils were transforming the expression 
x"^, they always knew in advance, even before perceiving data, what 

" , 19 
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operation^ they had to perform. Therefore, compelling lootives that 
would have demanded recognition of the expression's specific features'^ 
were missing. At the ^ame time, if a pupil recognized only general 
features, he nevertheless would solve the problem perfectly, since ^ 
he did not have to solve any problems^'having the same general features 
and different specific features, ja^which^j^ had to perform otheiT 
operations. Therefore, when problems on transforming powers with 
negative exponents (found in a special section of the text) were ^ 
being solved, the incorrect connection was bound to arise in several 
pupils. Later the pupils did not -deal with this kind of problem at 
. all.^ Hence, those conditions which might have led to the correction 
of the incorrect connection were completely missing. 

The cause of the error consists, however, not only in the fact 
that an incorrect connection existed in the pupils. If the "pupils 
had understood the expression hnd the^ problem they were given (to 
remove the miatls), they of course would^not have erred. They would 
have either hit upon the correct transformations indicated above, or * 
left the problem unsolved. ^The incorrect connection existing in them 
wouid have remained unactualized, Hence, the cause of error also lies 
in the fact that an orientation toward solving problems by actualizing 
a connection existed in these pupils. In thh combined operation of 
both conditions, error was unavoidable. 

Let us examine one more error of the, same type, with several 
distinctive features. Five pupils, dealing with an algebraic fractions 
of the type 

8: 12 

a b . ' 



6^10 
a b 

"reduced'^ it and obtained the fraction 

a b 



\5 



ERIC 



In other words, the exponents In the numerator and denominator were 
divided by their common factor, and not subtracted from one another. 
The pupils acted as if the njimbers 8, 12, 6, and 10 were not exponents 
of powers^ but factors of the fraction's numerator and denominator. 
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In the same assignn^nti they were to reduce the fraction 

or (In another variant of the assignment) the fraction 

a"^ ^ ♦ 



The pupils who made the mistake indicated above solved this problem 
correctly. Therefore, it is impossible- to explain the error the five 
piyj*ls made by claiming that they did not know the rule for dividing 
powers and had proceeded from a false rule* Thus, the immediate cause 
of error hete was also the actualization of an incorrect connection. 

Its first compo^6nt was recognizing that two numbers with a common 
' iactor stand in the fraction's 'numerator and denominator; the position 
of these numbers did not enter into the content of the counectionls 
firsH^mponent. Therefore/ this connection was actualized whenever 
the numbers were factory of the numerator and denominator^ The second 
component of the connection was an orientation^ toward dividing these 
numbers by their common factor. 

TJiere is every basis to suppose that this connection arose while 
the pupils were still practicing^'they^uction of arithmetic fractions. 
In studying arithmetic, t^iey of cours^ did not deal with exponents and ^ 
prol5ab2# had never even seen expressions containing them. At that time, 
therefore, awareness that both members of the fraction were products and 
that one number stood in the numerator and the other in the denominator 
was sufficient basis for reducing the numbers entering into the fraction's 
structure. The fact that these numbers were factors of the fraction's^ 
members could remain unperceived. The situation for solving the prob- 
lem contained no motives which would have demanded awareness of this 
fact. At the same, time, if the pupil did not perceive this fact, he 
still could perform the reduction perfe^ly. Naturally, the incorrect 
connection indicated could be. formed in him under these conditions. 

But, in studying 'algebra, the'puplls of course solved a great 
many problems on reducing, multiplying, and dividing algebraic fractions. 
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Reducing powers of identical lepters In the fraction's ntonerator and 
denominator enters Into almost every problem«^ In these problems, the > 
pupils also had to reduce' the coefficients of monomials forming the 
members of the fraction, that is, to execut^Van operation which they 
had performed in arithmetic. It would seem that, in the fitst place, 
the Incorrect conn^i^tion which existed in the pupils should have been 
reconstructed under t]iese conditions; the specific features of the 
factors (coefficients) should have entered into its first component. 
But this connection could no longer be actualized in reducing powers 
of letters. Second, the correct connection, which pertains precisely 
to reducing powers of letters, no doubt should have arisen. Why was 
the incorrect connection not reconstructed, and why did it seem stronger 
than the correfl^one? 

To answer this question, let us note that the incorrect connection 
under discussion can be reconstructed only in the presence of one 
essential condition. Such a condition is an alternation of cases of 
the type ^ ^ 

6a 

or 



3b 3 

Of course, it is essential that each case be encountered often 
enough. Under this condition,, the following processes will occur: ' 
(a)' the pupil will notice that there are numbers with a common factor 
in the numerator and denominator; (b) he will note the position of 
these numbers: if they are. factors of the fraction's member, the pupil 
will divide thetb^by their <ioimq^||^ factor ; if they are B:jq)onentS', he 
will subtract the smaller from. the larger. As a result, the incorrect 
connection will be reconstructed and will be actualized only in cases ^ 
of the first type. At the same time, a correct connection pertaining 
, to cases of the second type will arise. 

But in all the 4>roblems contained in the first pffpf^oT^he text 
by Shaposhnikov and Val'tsev, there are only eight cjases of the type 

^ ' '6 
a 

3 

a , 
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that, is t cases la which exponents of reduced pow^s contain a comaon 
factor. At the same time, the number of cases'^ the firat type i^ 
rather large. Obviously, the Incorrect connection could not be 
reconstructed under these conditions. On the contrary, conditions 
favored its reinforceiaent^ 

But there id no doubt that the pupils very often correctly reduced 
e^onen4:s of a single letter contained in the fraction's numerator and 
denominator.' In the first place, they were dealing with cases of the 
type 

5 . 



3 

a 



that is, with cas^ in which the exponents do not contain a common 
factor. Second, they were dealing with cases in which exponents were 
expressed by letters. As a result, the correct connection for reducing 
exponents arose In almost all pupils. Its first component was recogni- 
tion of the following facts: (a) the fraction's numerator and denominator 
are monoaials p (b ) each monomial contains the same letter, which denotes 

'the bases of powers which are factors of monomials; (c) the exponents 
are identical (the first variant) or dissimilar (the second variant). 
If the exponents of powers are Identical, the second -component of the 
connection is an orientation toward cancelling letters and their exponents 
(in the fraction's numerator and denominator). If the exponents are 
not identical, the second component of the connection is an orientation 
toward subtracting the smaller ^xponent from the larger. 

; This connection can be a/tualized in ekponents of any magnitude, 
whenever exponents contain a common factor. But it cannot destroy 
the incorrect connection in question, since the first component of both 

'Wnnections differ sharply from one another- In particular, ret^ognizlng 
that the' numbers standing in the numerator and denominator contain a 
common factor enters into the first component 'of the incorrect c^^ection, 
but not into the first component of the correct connection. Therefore, 
both connections can coexist simultaneously. 

This means that both true and false connections can be actualized ^ 
in perceiving an expression of the type 

8 



6 

a 



ERIC - * ■ 



If 1^ In perceiving this expression, the pupil notices that the numerals 
^ and 6 are exponents or powers ^ then a correct connection will be 
actualized in him. If th^ fact that the numbers 8 and 6 contain a 
common factor strikes him first, then — in all probability — an incorrect 
connection will be actualized. Apparently, •it was the sedond case 
which wa$ realized In the consciousness of the pupils who made the 
mistake ve analyzed. 

In summary, we assume that the meaning of the i:esults we obtained 
is by no means limited to the narrow circle of errors examined. Therefore 
we shall try to list Xhe general characteristics of what we discovered. 

(1) Under certain conditions, cases can occur in which a pupil 
solving an algebraic probl^^ does not nbtice several essential features 
of the data, but nevertheless arrives at perfectly correct results. In 
all probability, such cases are also possible in performing many other 
kinds of intellectual tasks (in arithmetic, spelling, and so forth). 

(2) These cases are likely when the pupil knows in advance, even 
before an attentive examination of the' data, what operation he must 
perform. Under the conditions of a typical .school course In algebra 
(and arithmetic)., pupils very often have such prior khowledge of forth- 
coming operations*. %^ . ^ 

(3) When a pupil solves problems of a definite type in the mannej: 
just described, an incorrect coQnectlon arises in him* Its first 
component is recognizing only general features of the data with which 
he is dealing. The specific features of these facts do not enter into 
the content of the connection's first component. The second component 
of the incortect connection is an orientation for performing an opera- 
tion corresponding to a given type of problem. Thus, an incorrect 
connection of this tjrpe is distinguished from a correct one only by 

the fact that its first component is poorer in content than that of, a ^ 
correct ccfnnection. At the same, time, the scope of the incorrect 
connection! s first component is "broader than it should be, 

(4) As long as a pupil is dealing only with problems of the type 
in which the incorrect connection arose, he makes no mistakes. There- 
fore, the incorrect connection is strengthened more and more. 
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(5) Sooner or later the pupil encounters problems of another type. 
The data of these problem^' have the same general features as the first 
type', but different specific features. Therefore, ^to solve these ^ 
problems, one must petform a different operation. However, ^s long 
as the data of problems of the second' type have the general features 
indicated, the incorrect connection which arose earlier is. actualized 
under certain conditions, even when problems of the second type are 
being, solved, Erroi: is the result of the ^tualizat^on/of the incorrect 
connec^to&n^ 

(60 course, even if a pupil has an incorrect connection, he 
does not always make a mistake under the conditions described above. 
Quite possibly, in dealing with problems of the second type, he will 
notice the specific features of the data, recall the appropriate ^ 
rule, and operate according to it. In solving the initial problems 
of a new type, he usually proceeds^ in just this mannei:. 

(7) TSie condition for actualizing any 'connection, including an 
incorrect one, is a special orientation toward performing tasks by 

- actualizing certain connections or, in . other^words , solving problems 
without recalling rules. This orientation arises whenever the prob^ 
lem and its" data, are perceived as something familiar. Since data of 
the new (second) type of problem have the same general features as 
that of the first type, an impression of familiarity; can arise in 
perceiv^Lng these. facts* This will prompt , an orientation toward actual- 
izing connections. 

(8) When a pupil solves problems of the new (second)^ type by 
recalling rules, a correct connection is produced in him; the incorrect 
one usually atrophies. However, a correct connection is strengthened 
once and for ali. only if the pupil has correctly solved a sufficiently 
large number of problems of tKis rfew type. If the -number of problems 
of this type solved is significantly less than that of the first typej 
the^upil solved earlier, an incorrect connection can be actualized in 
the orientation^toward' actualizing conhectlons, m 

(9) Formatian of a correct !:onnection sometimes doe^not destroy 
the Incorrect one. Such cases occur under the following conditioi[i; 
(1) data of Ijoth types of problems correspond to the first component 
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of a correct connection; but dat^of only one' typ 9 (we shall call 

it critical), to the first component of an incorrect connection; . 

(2) the pupil almost never solves problems of this critical type, 

• « 
but solves many problems of the othgr type;- (3) in solving the 

second type of problem', the features- distinguishing them from the 

critical type have ''no significance and. therefore go unnoticed.. As. 

a result, a correct^ connection eiribracing bot^ tjrpes Of problems arises 

but, at the same time, the incorrect connection remains. Therefore, 

when a pupil encounterjs' data of the critical type, both correct and 

Incorrect coxmections can be actualized in him, depending on what 

features of the data "catcH his^ attention.'* 

^ .. Part II ^ • ■ 

h ' 

The characteristic feature of the incorrect connections examined 

above» i's that their first component is l^ss full in content and ^ 

broader in scope than It should be. Also possible, ilowever, are 

contrary instances in which the connection's first component contains 

* * 

something which should not have entered^ into it and which narrows its 
scope. Perhaps it is impossible to cair tHisjitfionnection incorrect. 
Whenever it is Actualized, it leads to correct . results . But it is 
not actualized in a se-ries of instances in which it should have beei;. 
actualized. In this case, problem solving can proceed 'incorrectly. 
Let us examine several facts which confirm* these suppositions. ^ 

In one assigni&ent, the. pupils were to simplify *t:he foiJLowJ^ng 
fractions: 

^9 5 a -f 1 4, ,5 

a y X a_ ^ a (x - y) 

10 ' 1 - y ' . .15 ' , 

ay xa , a(x y) 

Four pupils correctly solved the first twp problems, but not the third. 
Two of theSfe pupils make no attempt to solve the problem; in their 
notebooks, a blank space follows the expression given them» Two other 
pupils tried to perfo^ the task, but these efforts led to gross errors. 
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One of theo wrotej 



' * 4, ,5 4 5 4 5 

a (x. ~ y) . as - ay 

TXT 15 ' 15 

a(x - y) . .Bx - ay , 

At first the other wr6te: - 

, a(x - y) a(x - y ) . ^ 

Then he erased what he jincote and wtent on to tHe next problem. 
Thus! none of these four pupils noticed that the third problem does 
not differ essentially from the two preceding ones that here too 
one.iiiust reduce exponents of identical bases • • ^ . 

According to our observations, after studying the section of ^ 
'the course entitled "Reduction of Fractions," all pupils reduce fractions 
of the type ' ' 

9 5 



10 
ay 




(we have in mind the first and second o\ the three problems mentioned 

above) by actualisfing the corresponding conneption. .Therefore, there 

is every basis to suppose that these four pupils in question also 

performed this task 'by actualizing a connection. But apparently this 

connection was not actualized when they weref dealing with the expression 

> 

a Cx - y) 
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This means that these pupils subsumed under the connection's first 
component cases of the type " * 

, but not (A)" , 

where Ai is any polynotftial. Consequently, the feature tha\: the power s 

base is a letter , and not a polynomial enclosed in parentheses, entered 

into the first component of the connect ion. This attribute, of course, 

does not enter into a corrects connection* / 

# 
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How did this narrow connection arise? To' answer this questiont 
we tal?,i^jLgted the nuiaber of elementary problems on reducing fraCitions 
contaii>ed in the fourth chapter of the text by Shaposhnikov and 
Val'tsev. consideted elementary problems on reduction; that is, 
we counted 

* 6, 2 3 . 

a b c . 



^ • ' 12 

aTh c 

as containing three such problems. Lat^r, we eliminated from our count 
all instances in which both reduced exponents equalled one. We assumed 
that these cases were unique, and that their reduction proceeded in a 
special way. However, even if we had cqnsidered these cases, the rela- 
tiorfship bet^^en the numbers found would have remained the- same. 

The tabulation showed that in the section of the text entitled 
"Reduction of Fractions," there we;:e 28 elementary problems of the type 

n 

a 



m 

a 



and only 13 of the type 

> 

Subsequent sections of this chapter . contain 81 elementary problems of 
th^ first type, and only 33 of the second type. Thus, the number of , 
problems of the first type is approximately 2 1/2 times larger than 
that of the second, type, ' Ther§ are almost no elementary problems on 
reduction in the remaining chapters of part one of the text. The rela- 
tionship between the numbers of problems '''oT^oinr'types'^he^^ 
actually solved, in all probability, did not differ Essentially from 
that obtained by counting the problems in the^text. 

One must think that, while the pupils were solving problems from 
Ctfepter IV of the text, there ^yose in them correc^ donnection encom- 
passing all cases of reducing algebraic fractions/ The total number 
of problems of the type 
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which the pupils solved was quite sufficient for these problems to be 
included in the connection. But, as we already said, in subsequent 
chapters of" the first part of the text, the pupils rarely encountered 
elementary' problems on reduction. In all these chapters, we could 
find only about 10 such elementary problems. Furthermore, in all 
these cases, one could solve a complex problem without reducing fractions. 
Thus, during a rather lengthy interval of time occupied with work on 
simple equations, the pupils did not deal at all with reducing algebraic 
fractions. Hence, the connection in question (still not very strong, 
of course) could suffer somewhat from forgetting. In the process of ^ 
forgetting^, the connection may undergo various changes. One of these 
changes is the shedding of several aspects of the data encompassed by 
the connection's first component. Moreover, it is natural that those 
aspects of the data with which the pupil dealt less should be shed first. 
In the case analyzed, the pupils dealt significantly less — aa we saw — 
with data of the type 



than with data of the type 



n 

_a 

m 

a 



Before going further, let us e^^amine one more similar case. In one 

assignment, the pupils were^^ solve the problem of simplifying 

2,5 , 2, . 2.4 ' , 
(x-y -) (x-y ) (x-y ) . 



ERIC 



In" solvin^^Kl'S problem, nine pupils made one mistake or another. In 
most cases, it took the »followi«g form: 

K^y^)^ (x-y^(x^y2)^ - (x^-y^") (xV) (xS^) . 

Having performed this *'transf orraation/' the pupils then multiplied the ^ 
binomials on the right side of the^^equation/' 

There is no doubt that the pupils making this mistake totally failed 
to understand, even partially or in a distorted form, the rule* for multi- 
plying powers. At the same time, there ±b every reason to suppose that 
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these pupils did not have a conhection corresponding to this rule* For 

if a connection exists, it takes p^t 'in. the €|)eratlon whenever (a) a 

giveti expression possesses all the f e^ures^^^ich eater Into Its^^irst 

coniponent; (b) a task which can be perfonssd by actualizing this connec- 

. tlon is experienced one way or anotk^r; arid (c) an orientation exists 

toward actualizing connections. All thesd conditions existed in our ? 

case. The algebraic expression given tfie pupils is totally subsumed 

under the first- component of a connection adequate to the rule. The. ^ 

pupils were given the task of "multiply Ing,^^ and the operations of most 

pupils show that they |iad this task in. mind. Finally, from the character 

of £he mistake the nine pupils made, it is clear that they had a general 

it 

orientation toward actualizing certain connections • Nevertheless, despite 

the presence of all these conditions, the connection was not actualized* 

Apparently, the pupils did not have a Connect ioit- which would have subsumed 

the expression given them under the first component. ^ * 

One must compare this case with another. In the same assignment, 

immediately before the problem just discussed, the pupils were to solve 

the following problem on mulj^iplylng powers: 

") . . ^ ' > 

X + 8 6 - 2x 
c • c 

* ^ ... 

All the pupils solved this problem correctly. Moreover, there is no doubt 

they solved it by actualizing the corresponding connection, fur all 

^sixth-grade pupils already solve problems on multiplying powers of one 

letter without knowing the rule> that is, by^ actualizing a connection. 

Comparing these two cases, 'it is not difficult to see that we are 

dealing here with essentially the same case we encountered abAve. It is 

clear that the pupils possessed a connection which was a^itualized in the 

problem a^^a^, but not in (A)^* (A)^, the letter A being any polynomial. 

As in the preceding case, the feature that bases of powers are expressed • 

by one letter evidently entered into the first component of the connection 

existing in the pupils. ^ This feature, of c^;*rse, does not enter into a 

connfection adequate to the rule. 

To clarify the reasons for the rise of this narrow connection, we 

again counted in the text the number of elementary problems of the types 

that- interest us. We considered the problems contained in Chapters II, 
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Ill, and IV of part one of the text. Whenever diffeirent oethods of 
solving a problem were possible, we considered the n^St economical 
means. In most cases, it was the method the authors of the text no 
doubt had in mind, 

First, we counted ill problems of the types a^'a"** and (A)'*«(A) 
in the first variant of the count. tVttirned out that the chapters 
indicated contain 604 elementary problems jo f the first type, and 16 
elementary problems of the second type. 

Quite possibly, however, cases in wh£th the first powers of any/j 
quantity are multiplied form a special type in which special connections 
operate. In the problem we examined, the factors' exponents did not 
equal one. Therefore, in the second variant of the count, we considered 
only those cases in which' the exponent of one or more factors does not 
equal one (that is , "there is" an exponent) . , The chapters indicated 
contain 332 problems, of the first type, anjj 7 problems of the second 
type. Furthermore, all 7 problems occur only in sections 4 and 5 of 
Ch^ipter II and are not encountere4 later. 

Apparently, tander these conditions there could have arisen a 
connection for multiplying powers in which exgjtessions of the type 
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a , but not (A; , 
a (A) 

are subsumed under its first member. • 

Let us now compare the narrow connections which we have exposed. 
It is not difficult to see that they are similar. Here and there, 
under its first component are subsumed cases in which bases of powers 
are expressed by a single letter, but not cases in which polynomials 
enclosed in parentheses appear as the base. The conditions for their 
rise are also similar: in both cases, the pupils were solving many 
problems of *one type, and few of the other.' Hence, the assumption 
naturally arises that a certain internal bond exists between these two 
connections, that a single condition underlies their rise. 

To make this assumption concrete, to decide whether or not it is 
correct, one must examine a question with broader significance. Expressions 
of the types 

a" and (A)" 
(A)" 



are both subsuu^d under the rule for reducing fractions. Similarly , 
expressions of the types a^»a^ and (A)^- (A)^ are subsumed under the 
rule for multiplying powers. 

By the letter a, we mean any individual letter j by A, any poly- 
nomial. One can say that under each rule are siAsurtiftd' two types of 
problems, which -differ in that individual letters enter into one 
expression, whereas polynomials enclosed in parentheses enter into the 
other. This feature also distinguishes many other algebraic rules; 
problems of both tjrpes are subsumed under each rule. The question is: 
if a pupil solves only problems of the first type, can a correct connec- 
tion embracing both types arise? 

To answer this question, let us see how new connections are' formed 
in a person w*io knows elementary algebra well), for example, a mathe- 
matics student. As an example, let us take a case in which a mathe- 
matics student is solving for the first time problems on computing 
determinants of t>he kind 



a b 
c d 



« ad ' be, 

where a, b, c, and d are any Individual letters . * In these cades y a 
connection arises in him, the first component of which is recognizing 
essential features on the left side of the equation, and the second^ 
component an orientation toward performing operationis whose result is 
recorded on the right side of the Equation. Under the first copponejnt 
of the connection, however, are subsumed not only thos§ cases in which 
separate ^^^^SP stand in a definite order between the« vertical lines. 
If we give-^.th6 JSame student a determinant of the kind 
I- 

: (a + b) (c -f d) 

(e ^ f) (g 4- h) 

he does not recall the rule, and writes \. 

V 

(a 4- b) (g + h) - (c -h d)(e 4- f). 

Thus, although he solved only problems the first t^pe, he made a 
connection encompassing the second type\and, in general, all problems 
computing determinants of the second osder. 



- ^ 



J 
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The question Is*/ why dtdp't ^ narrow connection rather than a 
connection adequate to the rule artae Inmedlately? It ,1s not difficult 
to answer this question. The matheioatics student knows that each 
separate letter he deals with in solving the algebraic "problem" can . 
designate an^ algebraic expression, and vice versa. And this knowledge 
does not seem abstract and verbal to !lim at all. He often had to I 
substitute an algebraic expression for a lettef in one or another 
formula and, conversely, replace an algebraic fiicpression with a letter. 
Hence, in dealing with separate letters, he-^ao to speak— "sees" in tlj^ 
the /designation of algebr^c expressions, that is, he.alway* understands 
thefa as such without any special considerations. And conversely, he #, 
cart always "see" an algebra! c**xpre8sion as a special form of a 
written, constituent "letter." Therefore, in solving problems, of the 
first type, he in fact has in mind problenis of the'second type. >'A|id, 
conversely, having encounteired a problem of the second type, he >: 
immediately identifies it with the first type. Speaking more precisely;, 
in solving problems of the first type, he essentially has in mind ■ 
features common to all problems of computing determinants of the second 
.order. Hence, there immediately arisen in him a cbnnectlon adequate to 
.the rule pertinent here. When there is a generalizing conception of the 
problem's data, solving problems of one kind generally entails the rise 
of a connection corresponding 'to all kinds of problems solved according 
to the same rule. And at the same time, apparently, if we^lve only 
one kind of problem, then a connection adequate to the rule 9m arise p 
only in the presence of this generalizing conception of data. 

Hence it follows that the nine - pupils who did not solve the pf-oblem 
(x - y^)^(x - y^)'^(x - y^)^ did not. have a generalizing understanding 
of the expressipns a"" and (A)", both when the connection for mu lti p lylnfe- 
powers was formed and when 'they had to salve the prablem. The same can 
be said about those pupils who could not reduce the fract^n 

Thus, both narrow connections are essentially, linked. At the same 
time, it appears that the rise of these connections has two causes: 
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(a) the absence of a generalizing conception of the expressions a'^ and 
(A) and (b) the more frequent solving af problems containing expressions 
of the first. type, "As we have shown, the second fact could generate 
narrow connections only in the presence of the first one^ and vice versa. 

Now we can answer one more question which naturally suggests itself 
in the initial analysis of the errors indicated above: in dealing with 
the problems 

5 2 

(x - y) and (x - y ) (x - y^) (x - y^)^, 

• ■ ,15 . ' - # 

(x - y) 

why didn't the pupils in question recall the corresponding rules, since 

these rules were well known to them? When H pupil is '^dealing jg^th the 

first problem, the essential condition for recalling the rule is under- 

5 ^15 

standing that the , expressions ^(x - y) and (x - y){ are powers of the 
base (x - y). In other words, the essential condition for recalling 
the rule is the same generalized conception of the expressions (x - y) 
and (x - y) "''^^ *which was missing in these pupils. Apparently, the same 
can be said about the second problem. 

Naturally, a generalized conception of the expressions a^ and (A)^ 
does not arise immediately. In those pupils who coul^d not handle ^ ' ^ 

problems on reducing ^d mi^Ltiplying powers of polynomials, this generalized 
conception was still missing. It was already developed, apparently^ in 
the other pupils in the same grades. Therefore, although all pupils 
solved the same problems, narrow connections arose in only some of them. 
Only ±n them was thl^conception of data, the essential condition for 1^ 
recalling coi^responding rules, impeded. In most pupils, on the basis 
of a generalized understanding of the expressions a^, and (A)^, either 
connections adequate to the rule had already arisen, or the recall of 
rules was accomplished while solving the problems^ 

Thus, atfr general conclusions can be formulated* in the following 
propositions: 

(1) While mastering algebra In school, a general ability to conceive 

1 

elach specific letter as designating any expre*ssion is cultivated. This 
'^^dpes not mean that pupils having this ability necessarily think of a 
sjepai^t^ letter precisely designating any expression each time they 
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±t. Usually this conception is missing, sinc^here. is no need , 
for it. But the pupils of whom we speak are able to understand a 
letter in this way when necessary. The same can also be said of the 
ability to understand any. expression as a letter, that is, to replace 
mentally this expression with a single letter. ^ ^ 

<2) As the facts mentioned showed, eighth-grade, pupils are far 
from possessing this general skill. In all probability, this is 
because pupils solved too few problems on substituting whole expressions 
for separate letters and vice versa, and too few problems in which they 
*haci to perfom^ mentally, these operations in order to solve more complex 

problems. . 

<3) If pupils without this general skill solve problems of only 
one type out of those subsumed .under a definite rule, a connection is 
formed which is too narrow. Into its first component enter not only 
features common to all kinds of problem^ subsumed under a definite 
rule, but also certain specific features found only in that type of 
problem with which tld pupils were dealing. Therefore, this connection 
is not actualized in perceiving data of another type. At the same time,' 
.in perceiving such data, the pupils without a generalized conception 
of algebraic expressions do not recall the rule, since the essential 
condition for recalling it is precisely a generalized conception of f 
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Part III 



In the assignment given after studying the section "Irrational 
Expressions," nine pupils (from two parallel classes) made identical 
mistakes in removing factors from a radical. Let us cite a typical 
case. They were given the expression 




5 "V a^b ■„-. 'V,^- 



The pupil correctly transforms the first monomial and writes 
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In deling with the second monomial, he makes an error; he places 
the factor removed. from the radical not. in the denominator, but in 
the numerator . ^ • 



2b 




^ - 2b . 3b YIT ' 



9b 

Tfiere is no e^ror in transforming the third monomial; the pupil 
. inserts the factor extracted from the' radical in the numerator, where 
% . it should be 

But in removing factors from the fourth radical, he again ezrs; he 
places the factor remdVed not in the numerator, where it should stand, 
but the denominator ' 

f 




Thus, in performing ^the same. operation four times in succession, the pupil 
^ex^cutes .it correctly twice, and twice incorrectly. 

^ - Is it possible to believe that the pupil making all these transfor- 
mations had proceeded from the recognition of rules? Obviously not. 
F^'this would mean that he alternately proctfe^ed now from a correct rule, 
''now from an incorrect one. This ^ppositioA has no possib:^.lity whatsoever. 

Perhaps he recognized the rule in two ca^s and then performed the . 
transformatioit correctly, but operated without recognizing the rule * • 
and hence erred ^n the other two instances. This assumption^ however, 
should also be discarded. Gases In which a pupil, solving similar problems, 
al^ternately recalls and forgets a rule^are of course 'ijossible. fi^t 
they occur only in special cases. For example, if a pupil solving a 
problem without recalling a rule makes a mistake and notices it, then 
' he occasionally will remember the rule in solving the next probl^ of 
the same type. Similarly^ if a pupil encounters a more complex problem 
of the sam^ type, after 'solving a series of simpler problems, he may 
also recall the rule^ In tihis case, such special conditions did not 
exist. The error made in transforming the second monomial went unnoticed; 
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trans format ion ^£ the third monomial wa^^«±mpler, not oore complex, 
than the task perfortied Just before. One cannot find any other basis 
for recalling a rule in executing the third transformation. 

Hence, in a^ four cases, one must assume that the pupil operated 
'by actualizing certain collections, not by recalling a rule. First 
we shall consider those cases (the second and fourth problems) where 
he erred. An incorrect connection was apparently actualized here. 
What, are its components, and how did it arise? 

If the pupil had operated in strict accordance with rules, he would 
have solved the second problem with the following chain of transformations 

.2b 



VlbT " 2b 2b . - tab ^ 

The pupil did not perform all these transformations in' writing. He no 
doubt executed thJ first one in his mind. The fact that the final 
s^rerfult contains Vab points to this. The pupil did not ev^ perform 
the second and th4.rd transformations mentally. If he had, the problem 
would have been solved correctly. Hence,, one must suppose that he 
"sk,ipped" direct]^ from the representation , ■ 

to the "result" 2b •-3b Yab* . 




Thus, one must seek the. incorrect connection in the transition from ex- 
tracting r root from gb"^, to writing 3b before the root. Analysis of 
the second error yields similar insults. - , \ 

To establish the components of thls^correct conne.ction, let us 
first note that both incorrectly transformed monomials share one feature— 
the same letter the pupi'l removed from the radical stands in front of 
the iadical.^" Moreover, whenever this letter stands under the radical 
in the denominator, it stands before the radical in the numerator, and 
vice versa. These monomials are 

As we saw, in operating with them, the pupil obtained the following 
results 



2b • 3b Yab and - — ^ — „ Yab" 
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That is, he put the letter renoved from the radical in the' place where 
such a letter already stood before the radical. By so doing > the pupil 
in bpth cases pi.aced the factor removed from the root in a position 
opposite to the correct one. Hence, two possible assun^itions pertaining- 
to the connection's components arise. ^ 

First, one can suppose that the second component of this incorrect 
connectipn was an orientation toward recording the letter removed 
from the root in the place where the same letter already stood before 
the ^^t* 

^ut could this connection arise? Let us note first that it 
decisively contradicts both the basic rulfes for extracting roots and 
generally the character of all algebraic rules. Therefore, it could- 
have arisen as a result of transformations ^a^ed on recognizing rules. 

was conceivable <fhat it krose becauSB of an unsuccessful selection 
of problems the pupil solved earlier, that is, that problems pre- 
dominated in which one had to write the letter removed fi^om the root 

next tQ the saxae letter standing before the toot. But a count of the 

2 

problems the pupils solved refutes this ^ assumption too. These problems 
contained only 18 cases in which one had to write thfe letter removed 
from the root next to the same letter standing before the rooti and 
34 cases in which one had to record it in a position opposl<;e to that 
of the same letter in front of the root. Thus, the' first supp^itlon 
no longer arises; the pupils had no orientation Reward writing tne 
letter extracted from the root in the place whereShe same letter 
stood before the root. 

Another assumption its possible. It was conceivable that the 
connection* ^^second component was an ^orient^*tion toward recording the 
letter removed from. a root in a position opposite to that which it 
occupied under the root. This supposition, however, should also be 
discarded. Such a connection could not arise as a result of operations'^ 
according to rules, nor could it result from an unsuccessful choice 
of problems the pupil' solved. 

f • 

^e used the "collective notebooks^* for this count. 
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Hance It follows, first of all, that the position of the quantity 
fro'm which the. pupil extracted the root had no significance for him^ 
He, Qf. course, saw vjjitfre this quantity stood: either in t^& nun^erator 
or the denominator, ^ut i& position did not determine the pupil's 
operations. And this means that the feature (diarUcterizing the ^ 
position of the quantity from which the^ root was Just extracted (9b 
•in this case) did not enter into the connection's first component. Its 
first coiaponent'was recognizing only the fact that the quantity (3b in 
our 'example) found in the mind is the result of extracting a root. 

Furthermore, it"1?Sllows that recognizing the position in which one 
must write the factor ^tracted did not enter into the connection's 
second component. The second component of the connection was an orien- 
tation toward recording the factbr somewhere before»the ro^. 

We shall try to clarify how a connection with insufficiently 
defined components could arise. \ . - 

Before this assignment, the pupils had solyed a Sufficient' number 
of problems on removing factors from a root for the i:ise o^ correct ^ 
connections. Abo*ut 120 suclTproblems were solved in all. Of these, 
74*were on removing from the root factors standing in the Quantity' s ^. 
numerator (considering also -those cases iit which the quantity is not 
a fraction),' ahd 46 problems on ekt^cting from the root factors standing 
in the quantity^ denominator. The accuracy 'of the solutions was 
carefully checked. Therefore, each mistake a pupil made was recognized 
and corrected by him. Thus, there was no reason for the -rise of 
incorrect connections; on the contrary, all conditions for the rise of 
correct connections were apparently present. 

However-,' one shouid ^ote one important circmnstance. When the pupil 
so*lved his initial problems on removing f-actors from a raditial, he of 
course performed all th^ interme^ate transformations mentioned above. 
They were especially necessary whenever the quantity under the root was 
fractional. But the correct connection, which permits a "skip" 'across 
intermediate lipks, cannot arise in this method of solution. It begins 



\s before, we counted "elementary" probletjs and consiHered only 
those cases in which the factors removed were expressed by lette^rfe and 
not njaflbers. , 
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to be formed only; when an att^pt is u^ade rot the' first time to jump 
directly to the final result from the perception of data (or froia the 
representation of their first transformation). For "Ifhe correct 
connection to be formed, the pupil must solve a sufficient niaaber of * * 
problems of this type the short way, > ^ 

Hence, the condifiiona for the rise of a correct connection were- 
less favorable than seemed at first; glance. Therefore, one laust 
not consider all» 120 problems the pupil solve^d, but only* a certain 
part of them, that is, t&ose problems the pupil solved by lt)mitting 
Intermediate links^. We do- not know preci]^ely how^ many problems he 
. solved the short way. *But apparently they' were insufficient for the ^ 
correct connection to arise, in him. 

This, dpes npt mean that the other pupils of the same class did 
not have the correct connection. For the spee^ o;f formulating connec- 
tions varies for 'different pupils. Besides, ^ome pupils could pass . 

. ^ ' ■ ' • 

from a detailed to a shorter solution sooner than others. Tlierefore, 

although the pupils all solved the sa^e problems, it is quite possible ^ 

that a corredt connection arose in^some, but not in. others. 

All this does not, 'however, resolve the question of the causes fo:f 

the rise of an incorrect connection. Suppose our pupil still did not 

have a correct conne^ioy. Where di* the incorrect connection come from? " 

To answer this question, one'* must remember that an incorrect connection 

differs from a correct one only by ±t^ components ^ being less definite* 

The first component of the incorrect connection is recognizing a certain 

quantity as the result of extracting a rqpt. The first component of 

a correct Connect ion also contains the recognition of the position held 

by the Radical quantity from which the root was extracted. The second 

component of the incorifect connection is an orientation toward recording 

the quantity obtained ^"somewhere in front of the root.'* The second 

component of the correct connection also contains an orientation ^toward 

writing this quantity in the position where it stood under the root. 

Now if we recall that the assimilation of anything,, in many cases, begins 

precisely with the mastery of the general, less defined features of 

what is being assimilated, we are completely Justified in supposing that 

the incorrect connection' in question is only^ the first"" stage of formulating 

a correct one. 

' . ^ 
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This supposition is confinied by the fol lowing considerations* 
At a definite stage of assimilating the operation in question, the 
pupil attempts to perform the task the 3hort way by omitting inter- 
mediate links. The very 'presence of tfiese effdtts 8how» that some * 
kind of connection has already arisen in him. To develop and 
strengthen a correct connection, repeated correct execution of the 
task the short way is essential; but the pupil is only making his 
first attempt at "performing it this way.' Therefore,, the connection 
now existing in him cannot correspond to rules. But at the same time, . 
its components cannot contain anything missing from rules, or not 
resulting from rules, since the connection arose from detailed ^opera-- ^ 
t ions 'according to rules. Consequently, the lack of correspondence ' 
to rules can consist only In that several features correspondiilg to 
rules do not enter into, the content of the connection's components* 

Let us make these general assumptions concrete. We shall analyze- 
a case in which a pupil in the first stages of mastering an operation 
solves a problem by the transformations indicated above: 

(1) (2) (3) (A) 

* 

How is the third transformation performed? At first the pupil writes 

-2b, then— convinced that defies transformation—he records this 

root in i;he same position as it was written in expression {if. Then 

he draws a line and turns to the denominator of the fractla^ in expres- 

2 

sion (2). He extracts the root from 9b and. obtains 3b. In considering 

• * t». 
this expression, he of course reco^ized that it was obtained by 

extracting the^'root. An prientation arises toward recording it within • 

the expression fonnulatpd (3). Must this oriehtation contain the feature 

characterized, by the words ''record in the denominatbr?" No, this feature 

may also be missing. The pupil has already finished writing the factor 

standing before the fraction and -the fraction's numerator, and he is^ 

aware that' he has completed both. Before him is the expression 2h — , 

with a noticeable empty slot. At the same time, he cannot place 3b before 

the, fraction, nor in the fraction's numerator; there is no place for it. 
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Thereforei the operation will be performed correctly even if the 
orientation in question suggests placing the qt^antity existing in 
the mind somewhere In the expression formulated. Later, recognition 
that 3b was obtained from the^^quantity in the denominator apparently 
becomes superfluous in these cases Even if itu does arise , it doeg? 
not determine the content of the* orientation or of . the subSiBquent 
operation, for the orieritation does no,t contain the feature characterizing 
the place for writing 3b. Consequently, the rise of a connection is 
possible, und^r these conditions, with the following components.: 
(a) recognition that the quantity e^cistin^^ the mind Is the result 
of extracting a root and (b) an orientation tow^d req^ding this 
quantity "spmewhere" in* afi o^en Slot in the expression which the 
pupil began to write. 

Of course, this is still not the incorrect qonnection disc^^sed' 
earlier which is the cause of error. This is a connection which 
arises .and Is actualized whenever a problem is solved in detail . But 
the incorrect connection actualized in an abbreviated solution arises 
precisely from it. This probably occurs as ^follows. Having solved 
several problems on removing factor^from a rt>ot, the pupil begins to 
understand that several quantities obtained In intermediate operations, 
especiaiiy in extracting roots, enter into the final result. In our 
example, for instance, 3b is such a quantity. Naturally, a tendency 
arisesf to record this quantity immediately in. the place where ii^ should 
stand in the fina^ result. In our case, for example, af ter ^the 
expression , 

' 2b '^^'^^T *- Ov 

- "VW 

^as written and the rodt from 9b was extracted mentally, in the pupil 

there arises a tendency, to write the 'quantity 3b immediately before the 

,*■(■' 

root, to omit the subsequent intermediate *1 ink 

2b 

3b ■ 

This tendency can be realized only by actualizing some connec-* 
tlon. Recalling rules does not help here, since the rules indicated 
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in the text pertain only to a detailed solution of a problem, not to 
an abbreviated one. At the same time, there already exists in the 
pupil a general |Orientation toward solving problems -of. a given type- 
by actualizing connections which arose in him while solving problems 
in detail. However, what kind of connection caj be actualized here? 
Apparently, only the one which arose in the detailed solution problems, 
in the transition from extracting a root to recording the result of this 
extraction. True, this^ connection shoulSl, undergo some change; instead 
of orientation toward writing the quantity "in some empty slot," 
an orientation toward recording it "somewhere before the root^ should 
arise. But this reconstruction is implemented by^tself, since t^e 
^e^ture "before' the root" enters into the problem* s content . The remain- 
ing features of this connection are preserved; into its first component, 
as before, enters the recognition only that the quantity existing in 
the mind is the result of ex^acting a root, and Into its second 
component, recognition that it shdulH be written "somewhere.*^ 

These are the results of analyzing transformations in which errors, 
ware made. ,Let us turn to' those which the pupil executed correctly. ^ 
It will be recalled that he wrote these problems like this; 

. 3^yT . 3^ (first problem)' 

k . YaT (third problem), f 

Can one suppose tha.t a correct connection, distinct from the incorrect 
one just analyzed, Vas ajctualized here? ^ ^ 

Let us compare all four problems. It is not difficult to see 
that. the first problem, performed correctly, does not differ in 
essence from the s.econd, which thp pupil executed incorrectly; nor 
the third, performed correctly, from the. fourth, executed incorrectly. 
Indeed, in the first and second problems — that is, 

■ .vr 



3a \l V and 2b V ^ 




the root is extracted from the fraction's denominator, and ^he' same 
letter removed from the radical staads .before the root in the numerator. 
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Jxk the^^lrd as^ fourth problems that is, 

, i TC? ana |1|5 ■ / 

the root is extracted from the numerator, and the same letter removed 
from the radical stands before the root in the denominator. 

Let us further regall that correct and incorrect connections, as 
we have established, differ in that members of an incorrect connection 
do not contain several features entering into the elements of a 
correct connection. Therefore, supposing that the pupil possessed a 
cotrect connection which was actualized in both cases, we assume that 
both tonnections can exist simultaneously. Both the' less and the more 
defined connections, however, are actualized under ide?itical conditions: 
one time a correct connection is actualized in solving the first of 
two identical problems; another time, in solving the second problem, an < 
incorrect connection is actualized. Such an assumption cannot^ corres- 
pond to reality. For in the first place, it follows that a correct 
connection is sometimes adJEiiialized and sometimes not under the same 
conditions. But this would mean that it simply did not- exist. Apparently, 
the same can be said about an Incorrect connection. Second, in 
considering the relationship between a coxmection's components (distinctions 

. in definiteness) , it is impossible to understand how an incorrect 
connection can exist and function separately from a correct one 
and not merge with it. .| 

Thus, one must suppose that. this pupil had no correqt srchanection; 
there was only an incorrect one, whose structure and origiA \*^^ revealed. 
It is not difficult to explain how the pupil solved two problems ♦ 
correctly, despite the presence of this incorrect connection. The 
incorrect connection's second member is an orientation of an indefinite . ^ 
character: "to write the quantity somewhere before the root." 
Apparently, when this orientation exists, the quantity in question can 
be written in either the numerator or the denominator of the fraction 
standing in front of the root. Moreover, there ts an equal chance that 
it would be written in either the numerator or the denominator. This 

^equality of chance is precisely reflected in our pupil; in two 
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Instances he wrote the quantity extracted from the radical In the 
fraction's nvanerator; In tvo cases, in the denominator • 

Let us summarize the results of our analysis and the conclusions 
stenming from it. ^ * * 

(1) One must distinguish connections whose actualization forms 
^<«L4^^i^3^ solution from connections whose actualization constitutes an 
abbreviated solution of a problem. In the Initial states of mastering 
a 'transformation, the task la executed in detail later, it is carried 
out in a truncated form. Thus, the chain of connections that arose 
in the initial stages does not remain unchanged. During the exercise 
it is reconstructed, if not ^ways, then in. several instances* 

^2) An abbreviated process oft solution i.s characterized by the 
fact t^t several connections constituting a detailed process do not 
enter into a truncated one. However, the reconstruction in question'* 
does not consist only of discarding several connections^. The rise of 
new connections, which "close" the gap formed as 'S result of discarding, 
should occur at the same time. 

(3) These newly arising, "closing" conneptions differ in origin 
from the original ones. ^ 

The initial connections arise from performing a tasK by recalling 
and applyiilg rules. Although recall and application of rules drop out, 
the components of a connection are nevertheless deifined by the rule'^5''^ 
content. The connection's first component is recognizing the expression* 
featured indicated in the first lialf of the ru],e; the second compfnent 
is an orientation toward performing operations indicated in the second 
half* For example^ a short rule for multiplying powers states: to 
multiply powers of one letter, one must aSd the exponents of these powers 
**The first component of the connection arising on the basis of this'rule 
is recognizing that the given expression consists of Identical letters 
written side by side, without intermediate signs or divided by dots. 
The connection's second component is an orientation toward adding 
exponents. Thus, the original connection develops from the process 
of recognizing and applying a rule. Moreover, the rule's content 
enters wholly into the Connection* s structure, if sp^fecial circumstances 
do not impede this. Therefore, when these clrcvmistances are absent, 
thfe initial connection is always correct. 
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By cdUtrasty the "cXoslng'* coonectlon arises at the stage of 
asslmllatlog a complex transformation when It Is already executed 
without recognlzinR and applying a rule . Th^efore, the closing - 
connection cannot be the direct ptoduct of these propesses, but can 
arise only by "short circuiting" the chain of initial connections: 
the first component of the original connection entering into this 
shedding chain is the first xomponent of the closing connection, 
and the second component df the final coxmection entering into the same 
chain is the closing connection's second component. 

(4) ; Jji. the first stage of the rise of this closing connection, 
'.its compoxi^tots may seem insufficiently defined, since the components 

of the original connections which become components of the new 
connection cannot have all the features essential to the formation of 
a final, correct closing connection.. The detailed execution of a task 
.proceeds under conditjfOns other than those for a txtancated one. 
Iherefore, several features essential to. the formulation of a correct ^ 
new connection cannot, jenter into closed linjcs, but only into the 
discarded links of the process. Itf these cases, the actualizatioA of, 
a connection which is just arising (embryonic) can lea^ to errors in 
solving a problem. Moreover, as long as this embryonic connection 
""differs from a correct one only by a .lesser definiteness of components, 
one must expect that Its actualization will lead to correct results 
In some cases, to incorrect oties in others. In the cases we analyzed, 
we found precisely this alternate execution of correct and incorrect 
operations. . 

(5) Since a correct closing connection replaces the whole chain 
of original connections, each of which ^corresponds to a rule, the 

4 

closing connection itself also corresponds not to a single rule, but 
to a series of rules linked together so that each subsequent rule i» 
related to the results of applying the preceding rule. 
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Part IV 

In 'twelve pupils, we found an error of the following type: 

(ainr - )^ - ab - 2ab^ Y^T t h^i 

In a .correct squaring we would have 

&\ - 2ab'^ Vah + b^a. 



a. 



Apparently, the pupils who made the mistake, in dealing with the . 
monomial aVb^ , squared only TT] but not the letter, a . Similarly 
in dealing with the monomial b^Y**» *^^^y squared only yi", but not 
b^. In one of the preceding assignments, the same pupils .solved a 
problem of this type: , ' 

, 4 2 2 , 6. 1 3 .2 
, ( - ^y X + 4x - ^y x) . 

Of twelve pupils who made the mistake indicated, ten either -colved 
this problem correctly or made an error unconnected with the one 
indicated above. la wh#t> follows we shall consider only these ten 
pupils. 

First let us note that, in solving the second problem, the 
pupils should have squared the degree of one ^let^er or another five 

times. They did- this correctly in all five instances. Thus, a 

X 2 . / * 

problem of the typ^ (n ) , where x is any number, was correctly 

executed five times in an earlier assignment, but twice incorrectly 

in a later one. How could this happen? Why did th^ pupils suddenly 

err after repeatedly performing the task correctly? 

First of all, one must Mke this question more precise. In sqAring 

trinomiais, the pupils performed elementary tasks of the type 

(n^)^, of course, by actualizing connections. They had already 

salved a, large number of problems on squaring binomials and on 

multiplying binomials according to the formula . (a + b) (a - b) in 

■the seventh grade. Elementary tasks on squaring powers always enter 

into this type of problem. Consequently, there is every reason to 

suppose that the corresponding connection had arisen in them already 

in the seventh grade. After the holidays and during the fir^t month 

of the new school year, it of course could weaken somewhat. But not 
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long before the aflsignmeut In which they had to square trinomials, 
the pupils again solved a series of problems of the types indicated. 
This undoubtedly entailed the res to rat Aon of the connection. 

The first component of this connection, apparently, would be 
recognizing that the given "letter" is the factor of a monomial which 
one must squares; and the second component , an orientation towards 
copying letters with a doubled exponent. In the first assignment, 
in solving the problem f 

.45^ ,6^13.2 

this connection\as actualized five times^ in the subsequent assign- 
ment, in solving the problon 

(a^b - T)^/!")^, ' /; . 

» 

twice it was not actualized. ' One cannot suppose that it somehow 
vanished during this time. Hence the question naturally ^arises : 
why was«^±t- not actualized 1st the second instance? Apparently, one 
' must seek the answer to *this question in the features of the second 
problem. But only one of these features is significant. In the 
first probleiiy one had to square monomials which dld> not contain 
roots; in the second, monomials containing roots. Therefore, when 
the pupil had to square the moi^mial all b , the connection in question 
was not actualized in perceiving the letter a prei:isely because 
"yb stood after this letter If a rational factor, inst^jaad of a 

root, had stood in the monomial, the connection would have been 

2 

actualized, and the pupil jwuld have written a as the answer. 

Similarly, in the monomial b^^ a~, the presence oflTa" daused the 

2 ' 

connection not to be, actualized in perceiving the factor b , The 
presence of a root hindered the actualization of the ^Connection in 
question. 

But this explanation of the error is still ,by no means fdnal. To 
obtain such an explanation, one must establish Why and how the presence 
of root in a monomial could der the actualization of a connection. 

As our survey of the "collective'. notebooks" showed, the pupils did 
not solve a single problem in which they had to square a square root 
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before the assignment. Therefore, thi^ operation was new and un- 
famllia^to them, and they had no connBction according to which 
they could have performed it. Nevertheless, the pupils had at their 
disposal knowledge essential to the correct execution of this operation. 
They knew the definition according to which a number, raised to^ the 
power n to give a, is called the nth root^of the number a. 
They ^Iso knew the identity \^ a )^ » a* THey hai already y/^ 
memorized both at the very beginning of their work on^the section 
entitled "Roots," and later often had to recall the definition its^l^E, 
as well as the identity indicated. Squaring the rSotSclTb" and under 
these c conditions apparently proceeded as follows: [the pupils recalled 
either the verbal formulation of the definition of a root, or the 
writteri expression 6i this definition. They applied^ the definition 
to the given case and obtained the corresponding result. One should 
ijote that t]ie definition played the role of a rule under these conditions; 
therefore, in what follows,. we shall simply call, it a '^rule," . 

' But why did the pupils recall ^ this ^ rule, and draw the conclusion * 
proceeding from it? Can one say that the cause of all tKis was just 
^ the aggregate of facts mentioned above: the absence of a corresponding < 
correct connection> on the one hand, and knowledge of the rule, on 
the other? On'e must answer this question negatively. In analyzing 
other errors, we saw that the pupils who made these mi-stakes did not 
have correct connections, but knew the corresponding rules,. Never- 
theless, they did not recall these riiles. Consequently, for the pupil 
to recail the rule,"^a special orientation toward solving a problem by ' 
recall li<g rules is essential.' Our observations' showed that this 

^ 

orientation arises whenever a pupil is dealing with ar problempof a 

specific type for the first time, biit thinks he can solve it with 

the rules he knoWs. The case in question was no doubt subsumed under 

these conditions. Hence, while perceivinglTT and ifa' , an 

orientation toward recalling a corresponding rule unquestionably ^ose^ 

iin the pupils. But this orientation ds directly opposite to the ' 

orientation toward solving a problem by ^tualiztng connections ahd, 

' ■ ^ ■ ff 

without this second orientation, an actualization of connections 

is impoasib^ . Hence it follows that the connectiiln which should have 
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been actualized in* perceiving the letter a was not actualized. 
pre'Q'tSely because an orientation toward recalling a rule aiose in 
pexceivitig aVT*. ^ . 

It is not difficult to be convinced that no other reasons were 
si^^ficant here« Essential and» at the same tisie» adequate conditions 
for actualizing a definite connection are: (a) recognizing data 
subsumed under the first member of the connection; (b) recognizing 
the problem to be solvejd;' and (c) a general orientation toward solving 
a 'problem by actualizing connections. The first two conditions no 
doubt ^ejfist^d in our example* The pupils of course recognized that 

n the letter a entered into the sp^dcture of the monomial, and that 
this monomial had to be squar^d^T' Therefore , the connection was not ^ 
Actualized only because the third condition wasjiissing, that is, an 
orientation toward actualizing connections, bA why didn't this 
orientation arise? Squaring a monomial without roo^s was unquestionably 
a simple and familiar operation to the pupils; and, in these cases, 
an orientation toward actualizing connections always arises if ^there 

— ^e no obstacles* In particular , it existed in squarixig the, rational 
trinomial indicated above. This t^^e, therefore, certain processes 
linked with the perception ofYb^ impeded its rise*\ But only one of 
these processes could hinder it: an opposing orientation toward 
solving a problem by recalling* rules and making deductions. 

Here one objection, at first glance"^' substantial one, is possible. 
The pupil,, of course, first squared the factor a and only^'afterwards ^ 
moved to the factor Yjb" i ^ But if so , then the orientation toward 

\ recalling a rule link^S^ith the perception , ' apparently / could 

in no w^y affect operations with the letter a, - 

This objection prompts us to note several, facts which we did not 
consider before. Various types of problems entered into, the assign- 
ment, and the* pupils of course did not know in advance what kinds^of, 
problems they would \iave to deal with and in what sequence, • In 
cases of this ^kind, a tentative perception of the algebraic expression 
we are given always precedes the execution of any transformations. 
There is no doubt that this tentative perception also occurred in the 
case just analyzed. Moreover, since the task to square^ b'^was, as 
we know, new and unfamiliar to the pupil, he of course paid attention 
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to this Vb* Therefore, the perception of Yb ^preceded operations with 
the letter a, 'and hence the orientation toward recalling the rule 
connected with this perception could affect these operations. 

However, our analysis of the error which interests us is still * 
unfinished. The orientation toward recalling rules pertained to the 
factor Yb** qviestion is; how could it impede the rise of an 

orientation toward actualizing connections in operations with other 
fact;ors, with the letter a? We think there is only one answer to 
this question: when the pUpil dealt with the letter a, this , 
orientation did not pertain to the f actor , but was related in 
general to all operations he was performing. 

Quite possibly the content of this orientation was sufficiently^ 
undefined at the moment of its rise, that is, in a tentative perusal 
of the facts. In other words, it is possible that the pupil aimed at 
recalling an; ^ rul'^es related to the given problem; but the clear 
character of the rules' features, did' not entet inpo the content of th e 
^ orientation. The orientation of course pertained to the factor "j/b V 

but only because it was pro^ted by the perception of this fa.ctor. 
/ Therefore, when' the pupil transferred his attention to thei lettei^ a, 
this relationship to^Y^ completely disappeared.^ Only an indefinite 
orientation toward recalling algebraic ru|.es remained. 

However, it is possible that, at the momeAt of its rise, the 
orientation toward recalling A rule was more or less defined by its 
content.' Perhaps the pupil aimed at recalling the rule expressed by 
the identity C\/~a^)^ a, or at least some rule pertaining to roots. 
If so, when the pupil began operations on the letter a, the Orienta- 
tion had' lost its definiteness and, at the same time^ its relationship 
to'Vb.' • Only the same orientation toward recalling some algebraic 
rules remained ♦ 

But here' an important new question arises. If the pupil had a \ 
general orientation toward recalling rules while performing operations 
on the letter a, why^ did he not recall thos^ rules pertaining to " 
the letter a in this case? Why'^did he not recall the rule for 
raising the degree of a monomial-, or the rule for elevating a degree 
^to a new degree? These questions, apparently, indicat^ one more 
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essential feature of the orientatj^on eyamined. This was an orienta- 
tion that was not activated while operations on the letter a were 
being performed. It was a delayeji [zader^annay^ orientation for 
recalling rules which was activated only when the pupil turned to 
VTagairi. 

To understand the source of this feature of the orientation 
examined, one should note one regularity which occurs in ^the solving 
of algebraic problems. Whenever possible, pupils' perform operations 
on separate parts of the expression given them from left to right. 
This means that they have a general orientation toward performii^ 
operations in an effective order whenever mathematical rules do m?t 
dictate' another sa«|uence. This orientation unquestionably determii^ed 
trhe pupils' operations in the case just analyzed. Therefore, the 
process of solution proceeded in the following manner,. In perceiving 

(and then a ) , an orientation toward* recalling a rule arose. 
But the actual recall of this rule, and deduction from it, were not 
realized , since these processes did not correspond to the orient^ion 
toward performing operations from left to right. And this. means 
the orientation toward recalling rules was delayed. The pupil moved 
^ to operations on the letter a with'' this delated orientation toward 
recalling a rule". The orientation could not be realized, could not 
proceed to the actual recall of rules. But it uevertheless delayed 
the rise of an opposing orientation toward actualizing connections. 
*\ .One should assume that the orientatlon^s delay not a simple « 

'interruption in realizing the process that had begun^ Apparently the 

f ^ ^ * -J 

orientation ""undergoes certaiij' ^qualitative ^changes at the moment of 

de^lay. * ' ' , , 

Let us summarize the results of our analysis and make several 

. additional remarks: ^ * ,S 

Q.) Under defined conditions, there is In us an orientation 

towarcf recalling rules and making deductl-t)ns from them. Depending 

on circumstanc^^Till evidently can have diverse GharacterJiStics. 

At tiQ<ra^ it is a sp'ecific orientation: ■ into its content enters 

a recognition of the typical features' of an algebraic expression, ami 

of the rule whi^h should 'be reprodiiced. This specif ic" orientation 
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does not lose its defined objective reference even when perception 
ceases of the expression to which it pertaicfs. The orientation^ s 
objective reference enters into the content itself. 
! *IIn other cases; it is a general orientation which also Was a . 
defined objective reference. Recognizing Jhe typical featifres of both 
.the givten expression and .of the nil-e to be reproduced does not enter 
/ into the^content of this orientation. HoweVer,' "despite the indefinite- 
ness of its content, this orientation nevertheless has a - defined 
objective reference to the expression Ismnediately perceived . 

Finally, a general orientation with an. indefinite objective 
reference can occur. Recogpition df the typical features of the given 
expression ,and 'the' rule one must recall does not etjter into the / ' 

* L * 

content of this orientation. Nor does it pertain - to any definite* 
expression. There is only a special intellectual condition conducive 
to recalling algebraic or otljer kinds of rules, and to making, 
deductions. 

' (2) We have already seen that an orientation toward solving a ^ 
problem by actualizing connections arises under defined conditions. 
, By analogy to what was Just said, one' can imagine that this orientation 
might have a 'd^initeness different in content and in objective 
'reference. 

ft ■ ^ 

(3) Characterj^zed by a daffined objective reference, an orientation 
toward recalling, rules is incompatible with an orienEation toward, 
actualizing connections pertaining to the same object, and vice versa. 
However, the coexistence of . orientations pertaining to different 
objects is apparently possible. . ' , / 

Characterized by an undefined objective reference, an orientation 
toward recalling, rules is incompatible with an orientation toward 
actualizing connections. Similarly, an objectively indefinite -< 
orientation toward actualizing connections is' incompatible with an 
orientation toward recalling. ^ules . These orientations "impede" 
one another. 

(4) Delayed orientations coexist with urgent ones. An urgent 
J orientation* is immediately activated; a delayed one is not activated 

• until a definite moment. A delayed Orientation, however, is not the 
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absence or disappearance of an orlentatib^. Although delayed, 
the orientation continues to exist ^ thatYs^ to affect the course 
of intellectual processes; but its influence is e^^pressed only 
its ability to iiap^de the rise of certain processes. 

(5) Orientations toward recalling rules an^ actualizing ^ 
connections •already arise in a tentative perception of an algebraic 
expression. ^ ■ ' ' , 

" (6) Operations constituting the solution of a (number)" 
problem are performed- according to the order of elements entering 
ipto the expression (unless a rule of special circumstances 
demand another sequence). *An orientation toward performing opera-' " 
tions in a deJEinite order may delay the orientation toward- 
recalling rules that arose in a tentative scanning of the expression. 

(7) A ^delayed orientation toward recalling rules can impede^ 
the rise of an orientation toward actualizing a connection. In 
nhis case» the connec^tions existing in us are not actualized. At 
tae same time, the corresponding rules are.^ot recalled, since the 
orientation toward recalling rules is a delayed one. As a result, 
we do -not perform the specific operation that should have been 
executed in the given situation. 



Part V • • . 

In our preceding work, we established that special" combinations 

of mental processes arise in all pupils during the. assimilation of 

-elementary algebra. The first compontent of each combination Is' 

recognizing. the general features of a specific part of the algebraic 

« 

expression given us, or of an operation just performed. The secoj 
component is an orientatiofi toward performing an operation defined 
by kind. We called these combinations connections . 

The task of our worft, the results of which we»now summarize, 
was to analyze algebraic errors. The b^sic results of this work 
qan be formulated as follows; 

^ (1) In a series of cases^ the error the pupil made resulted 
from tbbfiL. actualization of an incprrect connection which existed in 
him/^*^ra»iolving 4 problem. 
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^(2) Incorrect connectionsTfall into several types according* 
to" their structure and to the conditions for^theix; rise. We were 
able to discover three types. But it is possible that other types 
of incorrect connections also exist. 

(3) The first type of incorrect, connect^ion is characterized 
by the fact that a specific feature that should have entered into 
its first component, does not • With such a connection, therefore, 
a particular 'operation which — according to rules— should be 
performed;* in relating facts of another kind^. This connection can 
arise when a pupil, solving problems of a definite (first) type,, 
knows what operation he should perform even beforp clearly 
perceiving the data. Under the usual conditions of school and 
homework in algebra » this prior knowledge of forthcoming operations 
arises rather often. Having this prior knowledge, the pupil often 
reco^tt4.2es only certain features of the algebraic expression given , 
him, ariS omits equally essential ones. He nevertheless performs 
the correct operation. If the pupil solves several (number) 
problems of a particular type in this way, then an incorrect 
connection arises in him. Into its first component enter only 
those features of algebraic' expressions which he clearly recognized. 
If this method of solving problems is repeated often, the incorrect 
coiinectlon is reinforced more and more. One should note that it 
is impossible' to" discover the existence of the incorrect connection 
as long as the pupil deals only with problems of the first type. 
But later on, the pupil encounters problems whose data (a) have all 
the features he clearly recognized in solving problems of the €irst 
type; but (J?) at the same time have several other features, by 
virtue of which one should perform an ^operation different from that 
performed in solving the first idnd of problem. The incorrect 
connection which ^ arolE^sartTer taay be actualized in solving problems 
of the second kind. The pupil sometimes performs the operatic^ he 
should perform in solving problems of the first kind, and not the ^ 
oae he shoul4 perform for solving the second kind of problem. For 
example, in solving a problem on raising a power to a new one, ^e 
pupil does not multiply, but adds the exponents'. ^ 
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TheNexibtence of an incorrect connection whiqh arose earlier 
in j^mFIng pjroblems on multiplying powers of one letter is 
manifested /in this error. Into the first component of this in- 
cort>s;j;;^jCfi^^ enter only ^^se features; the presence of 

two exponents, the absence of two different bases, and So forth» 
^ that is, features common to problems of both kinds. 

Of course, the rise of an incorrect .connection in solving 
problems of one kind does not always entail errors in solving 
problems of the other kind. If the pupil recalls the relevant rule 
in solving the second kind -of problem, and applies it to the data, 
he of course will not make a mistake. Then, if he has correctly 
solved a sufficient number of problems of the second type, the 
corresponding covect connection will arise in him.^In^many 
instances, the rise of this correct connection probably entails a 
reconstruction of the incorrect connection created earlier^ ^.ts 
conversiot to- a correct one. Wlien there is a sufficiently strong 
connection* pertaining to problems of the second kind, especially 
after the ^reconstruction of the incorrect connection, the error that 
concerns us at this time becomes ^possible. 

However, the facts mentioned in our work show that an incorrect 
connection is sometinles nevertheless preserved, and, mcyreover, seems 
stronger than a correct one. An incorrect connection is actualized 
more frequently whenever a pupil solves a problem by aqtualizing 
connections. 

Hence, it is possible to successfully prevent errors of the 
type analyzed. First, while solving, problen^s in- class, one must 
t^y to have the pupil recognize clearly each time all essential 
features of the algebraic expression he is given. This self- 
evident methodological rule is not always observed. Sepond, one 
must -further reduce the number of cases in whi^i^h a pupil solves 
many problenjs of the same kind in succession \Hthout a teacher's 
supervision. Mathematics teachers often assume that Independent, 
successive solution of many problems of the same kind reinforces 
the corresponding correct Ixabit* But the opposite in fact occurs: 
conditions are created in which the rise of \ false connection 
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becomes more likely. Third, one must increase the number of cases 
in which a pupil solves in successio]a\several problems of different 
kinds in which the operations to be per\ormed are not indicated to 
.him; he must either "simplify" the given expression or perform some 
transformation. Tasks of this kind will effect the rise of a 
general habit of beginning operations only after recognizing clearly 
the features of a given expression. Fourth, one must arrange 
assignments so that a correct connection pertaining to the second 
kind of problem will be stronger than an incorrect one that mi^ht 
have, arisen 'while solving problems of the first kind. In othiar 
words, the number of problems of the second tji^e the pupil solves 
■ should never be less than that of the first type. Cases we haVe 
seen testify that pedagogical practice occasionally does not 
satisfy this demand. Fifth, one mus^. create conditions that assure 
the reconstruction of an incorrect connection, if it has arisen. 

(4) Conversely, the peculiarity of the second type of 
incorrect connection consists in the fact that its fiisst component 
contains a feature that it should not contain. Hence, the connection 
is actualized in perceiving one kind of data subsumed under a 
definite rule, but not actualized in perceiving another kind of 
data subsumed undei: the same rule. . This conneclsLon arises under 
the- following conditions: (a) during much of the course, the 
pupil deals only with data of one kind from those subsumed under 
a given rule; (b) moreover^ the generalizing recognition of these 
facts, that is, the selection bf their generic features, is missing. 

Therefore, first, whei\ever problems of several different 
types are subsumed under a definite rule, it is essential for the 
pupil to solve a sufficient number of problems of each type. This 
demand is also self-evident, but— as we have seen— it is neverthe- 
less not always carried out. Second,. using special exercises, 
one should cultivate a general ability to conceive of each 
algebraic expression as a "letter" and, conversely, each letter 
as designating a complex algebraic expression. ^ 

(5)- Several features that should have entered into both the 
first and second components of the third type of false connection 
do not. This connection may be formed in the first stage of ' ^ , 

« 
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formulating a correct connection. It leads tp the performance of 
both correct and incorrect operations under essentially identical 
conditions. It is probably impossible to prevent the rise of 
such connections. But one can and should hamper a pupil's premature 
attempts to solve problems of a definite type without recalling 
the corresponding rules. 

(6) One important fact should especially be stressed: in 
the cases wte analyzed, the incorrect connections arose precisely 
while the pupil was correctly (judging by objective results) 
solving pro'blems of a definite type. 

(7) Connections arising from the omission of several links 
the already existing chain of oijUginal connecticps coexist 

wl'th connections arising directly from operations based on 
■recognizing rules. This ^'closing" [smykayushchya] connection does 
not correspond to* a single algebraic tule, but to the entire chain. 
However, one can say that the closing connection corresponds to 
a single operative rule, that is, one according to which problems 
of a specific tjrpe, when the pupil's ability is high enough to 
solve these problems, are sometimes actually solved. Operative 
rules are not indicated in algebra courses, and the teacher at best 
gives only isolated, fragmentary indications corresponding to 
these rules. Hence, the ability to solve problems of a specific 
type is cancelled: that is, by omitting several links from the • 
chain -of deductions and transformations, the skill i§ spontaneously 
generated in the pupils without proper supervision. Therefore^ 
cultivation of this skill leading to the rise of "closing" connec- 
tions is often understandably accompanied by a large ntaaber of 
errors* These errors occur because the closing connections are 
insufficiently defined in the first stages of their formulation. 

It seems to us, first, that one should introduce into the 
practice of teaching algebra several operative rules of complex 
transformations and, second, that one should consciously and system- 
atically cultivate in pupils an ability to perform these trans- 
formations the "short" way. 
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• (8) In independent work, a definite rule is recalled only vhen 
a special orientation for recalling rules exists. It ordinarily 
arises when a pupil is dealing with a problem new to him, or with 
a new type of data. Under various conditions, it possesses a 
definiteness different in content and in objective reference. 

(9) One should distinguish actual and delayed orientations. 
An actual orientation is ijanediately converted into a corresponding 
operation. A delayed orientation, continuing to exist, is not 
activated Until a definite moment. We discovered that delayed 
orientations for recalling rules arise vinder specific conditions. 
But other kinds of delayed orientations are probably also possible. 

(10) The existence of a delayed orientation is manifested 
whenever processes contrary to this orientation do not arise^ even 
though aU conditions for their rise exist. In particular, the 
presence of a delayed oriaiptation toward recallir^ rules under 
definite conditions impedes the rise of an orientation toward 
actualizing connections. A mistaken failure to perform an essential 
operation which, with no delayed orientation for recalling rules, 
should have been performed, may be the restilt of this inhibition. 

One must keep these facts in mind during classwork with 
pupils, and especially when selecting problems for homework and 
assignments. In particular, one must carefully work through in 
class those types of problems in which the inhibiting influence 
of a delayed orientation for recalling rules might affect the 
solution. 

(11) In revising -the textbook, one should consider what we 
sfiid above in (3) and (4). Several kinds and aspects of problems 
are presented inadequately in the existing text. There is no proper 
alternation of the kinds of problems that one must alternate. The 
book has too few sections containing various kinds of problems in 
a fortuitous order, and so forth. Apparently, one should also 
introduce into the text several indications of an "operative" 
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PUPILS' COMPREHENSION OF GEOMETRIC PROOFS* > 
F. N. Gonobolin 

The Problem and Methods of Research 

In' this article we i^estlgate-bhe, psychological peculiarities 
of pupils' comprehension of study material in geometry; In particular 
their understanding proofs^ of geometric theorems is of interest. 

As we know, the study of geometry in school begins in the 
sixth grade, , with no preliminary introductory course on this subject 

"in the lower grades. ■ At the same time, the textbook presents 
proofs of geometric theorems very briefly and abstractly, a condition 
that" of ten creates great difficulties for tlie younger school children 
when- they try to un3ferstand the proofs. Moreover, the pupils of 
these classes do^not always even recognize the necessity of the 

^^logica;, proof of geometric theorems, -especially when these proofs 
are of a visually obvious character or can easily be established 
empirically. 

.Not understanding the value of the logical proof or theorems, 
the pupils feel no neeFh> think about the stricture of such proofs. 
"I don't understand," dne sixth-grade girl tol^us, "why it's 
necessary to prove that in an isosceles triangle the angles at the 
base are equal; anybody can seethat, especially if you use a 
protractor." 

Besides that, another phenomenon is apparent. Comparing the 
pupils of the same class, one easily sees a considerable difference 
in the depth of their understanding of various study materials. Wliile 
some of them are limited to merely reproducing the teachers' , 
explanations, or stating the material in the textbook, others sometimes 
find independent methods of proving theorems and. handle solutions 
of geometry problems with comparative ease. 

All this spealis for the necessity of^a detailed study of this 
process from both the ■ psychological and pedag^l?!^! points of view. 
■ We must ascertain th'^ conditions for the correct and comprehensive 
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understanding of geometric material by pupils of the lower grades • 

of secondary school and outline the most rational principles of 

presentatifon by teachers and authors of school texts, 

In^B^e St i gating the above problems |[ our initial theoretical 

premise, wHMjPavlov' s statement about thought and understanding being \ 

proces^eg"*5?^ducfatiou and the functioning of temporal connections: 

'We must^ consider that the formation of temporal 
connections, i.e., of these ^'associations as they are 
■Always called*, is comprehension, it is knowledge, it is 
the acquisition of new knowledge* When a connection, 
that is, what is called an "association,** is formed, ' 
this** is surely knowledge of a matter, knowledge of definite 
relationships of the external world, and when you next use 
it, it is called "understanding,** i.e., the use of 
knowledge acquired by connections is understanding [2:579-580]. 

To study the process of pupils* understanding geometric 
proofs, we burned to special observations and experiments, which 
we conducted in schools 187 and 240 in Moscow, in the Moscow 
Municipal Adult Secondary School, and the Moscow Regional Secondary 
Schocfl for Resident and ^Corresponding Adults. First the observations 
were donducted dfring the usual lessons of the teachers of these 
schools. Then, for the purpose of checking variations in teachers' 
explanations of the study material to the pupils, the observations 
were ciarrled into th^experimental lessons of one of the teachers 
of an adult school. During all the observations, we carefully 
registered the ttfif^iher's* explanations and the following proofs of 
the theorems studied by the pupils. 

Simultaneously with the observations, we conducted individual 
and group experiments. With this aim, the sixth- and seventh- 
grade pupils were given new material that was not yet used in 
school but for which they had already been prepared by the ^' 
preceding course. Here the pupils were asked to independently read' 
the text of a new theorem, together with its proof, as given in- the 
standard geometry textbook. They were allowed to read it several 

times, ^ after which they were to reproduce what they had read and 

1 

answer the experimenter's questions. If it was observed^ hat the 
pupils did not understand the proof of the- theorem, the 
experimenter offered to read another variant of the explanation. 
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which he himself had composed. If this yielded no positive results, 
the pupils were asked leading questions and given necessary 
explanations. Such estperiments embraced six groups of ^ixth- and 
seventh-grade pupils, with four persons in each grouJ^W-ncluding two 
groups In the adult schools). ^ To ensure a greater uniformity 
in the conclusions, average pupils were used in these experiments. 

The pupils almost always had a hard time gaining an under- 
standing of |the proofs of theorems when studying them independatitly 
from the textbook. This may be considered normal, since the textbooTc 
was not designed for independent study of geometric p^roof S;i^j^|At 
mainly to drill the study materia after it '"has b^een pr^befatt 
the teacher in a form intelligible to the pupil. /Introduction of 1 
the pupils* independent study of the proofs of geometric-theorems 
from the textbook, however, was only one of the investigational 
devices, and it permitted us to see more dis^nctly those dlf £iculties^ 
that arise ^ pupils of the sixth and seve^h grades when they _ 
study proofs of geometric. theorems. . 

Be^ic3fes the observations and experiments indicated above, v 
in one of the schools we held systematic consultations with the 
pupils, who came to us for explanations of parts in the textbook 
they found difficult. 

During the investigation it became necessary to define objective 
criteria for understanding, since it was not always possible to rely 
on the pupils* subjective staten^nts in this respect. Pedagogical 
experiences indicate that pupils, stating, their noncomprehen^ion 
of some material, may understand all the basic details correctly, 
but may not understand a single, sometimes eveif unimportant, 
detail. And, on the other hand, there are times when pupils who , 
say "I know*' are very far from correctly understandiit^this material, 
as one leams af tervf urther checking. 

Therefore, to determi^^the degree , of the.jjupils' coioprehension 
of the material given him' in our expariment^ we had to turn to more 
definite criteria. Such criteria were: ^ 

1) the pupils' ability^to present the material they 
read, particularly the pt^oofs of given theorems (in their 

own words) ; . ' 

2) ', the completeness of their answers, to the experimenter *s 
t^st questions; these questions related .to the elucidation ^ 

. ^- 
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of both the fundamental principle or logical scheme of 
the proof and its separate parts; ' ^ 

3) their use of acquired Jctiowledge in new conditions, 
particularly in proving analogous theorems with modified 
data, or^.in proving new; more complex^ theorems , etc, ' 

Further Ijivesfci^ationc; on firmed the necessity of such- a differentiated 

approach to eyaluation of the pupils' comprehension of geometric 

proofs. On tliese criteria of understanding we based the analysis 

of our experimental materials* 

The main cause of sixth graders' difficulty ±i\ understanding 
gebm.etric material is the abstract nature of the proof of theorems. 
An analysis of the difficulties encountered here has permitted us 
to mal^e this general' premisie concrete and to outline some important 
conditions that assure the pupils' best understanding of' proofs 
of ge(^etrifc theorems. Together with this, the observations and 
experiments made it' possible to establish various levels of comprehension 
in 'the light of .Pavlov's teaching. ^ 

The geometry te xtboo k by I^selev[ l] that has been adopted 
in the. schools undoubtedly has many merits, i^ng them are 
precise presentation of ^ the material, accuracy of matheiiSatlcal 
formulations, and ihaximuis brevity of presentation. It should be 

remarked^ however, that Kiselev's textbook takes little account of 

«♦ 

age peculiarities in the mental development of the pupils. It is 
uniformly designed for all secondary-school grades, although th^ 
level of the mathematical development of pupils who have Just begun 
tlie geometry course and of those who have been studying it for 
several years is of course not identical.^ Therefore what is a merit 
for an upper-'grade textbook becomes a defect for a textbook for 
beginners- In particular, the previously mentioned "maximim brevity" 
of presentation of tA\e study material, while presenting no difficulties 
for pupils of the upper grades, makes the textbook difficult for 
sixth graders to understand. 

The practical significance of our work is to direct the ^ 
attention of teachers and authors of textbooks to tlie psychological 
difficulties tliat aribe here and the possible ways "to eliminate 
them. We do this by inalyzing the particularities of pupils' 
comprehension of the proofs of geometric theorems. 
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' Two Conditions Necessary for Pupils' C ompre- 
hension of Geometric Proofs 
From the formal logical polirt of view, comprehension of mathematical 
study material should begin^when a new proposition comes forth 
from the propositions- already known to the pupil. A conclusion is ^ 
possible only when premises that ^re known and understood are given. 
In fact, however, this is not always so,. The pupils can know some 
propositions separately and at the s^ame time fail to see the connection 
between them. 

. proposed to read Section 73, "Signs of Parallelness of 

l-wo' Lines, "'from Kiselev's textbook [ll to four sixth-grade pupils 
(see Figure 1). They had not yet covered this material. At the- 
preceding lesson they studied the theorem of two , perpendiculars . 
Knowledge of this theorem was checked, as' well as^of the theorem 
stating that dn exterior angle of a triangle is greater than either 
interior angle not adjacent to it. Thus tije, pupils liad mastered " 
aU the material logically necessary for comprehension of Section 73. 
After this, pupil K read the following from the textbook: 

' Let there be given, for example, 
that the corresponding angles 2 and 6 
are equal; prove. that then AB || CD. 
' Let us assume the contrary, that f 
is, that lines AB and CD are not 
• parallel; then these lines intefsect 
at some pelnt P tc^: the Vig^^t of MN, or 
P' tcf the left of MN. If the inter- 
section is at P, a triangle is formed 

I In which angle 2 is an exterior angle • . 

and angle 6 is the interior angle nonadj&cent to angle 2; this 
- ^ ^eans that angle 2 should be larger than angle 6 (Section 4A) . 
. which contradicts the conditions; that is ^Xlo'^e rilt 

intersection of lines AB and CD at any point P ^"^f ^^^J^^^ ^ 
of MN. If we assume the intersection to be at point P , then a 
triangle is fonned in which angle 4, equal , to angle 2, is an 
interior angle and angle 6 is the exterior angle nonadjacent 
to angle 4; then angle 6 should be greater tha:. angle 4 and 
- therefore greater than angle 2, which contrrtdicts the conditions. 
This means'that lines AB and CD cannot intersect at a point 
to tire left of ,MN either. Therefore, these 1^"^^/? '^^2-43] 
intersect at any point; that is, they are parallel Ll.42 43J. 

Experimenter: *Well, did you understand the proof ? 

Pupil K.: I didn't understand anything. 
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Pupil M: Me either. ^ 

Two other pupils said the same thing. .The experimenter 
put ^1*1 lines of the text that related to P in brackets 
and asked the pupils to read it again. ^ 

> E: . Did you understand -something that tlmel * 

Pupil K: I idon*t ur^derstand why angle 2 shoul^be greater 

than angled, ♦ 

The experirifenter made a drawing in whicl^ the extensions 
of AB and CD intersected afP.^ A triangle wa's formed, 

HI 

E: What is affgie^Z called with respect to t^^ triangle? 

The pupils wefi silent. , ^ 

E: But look, it is outside the triangle, 

, Pupil K: Oh, yes, it*s an exterior angle. ^ 

fi: And what theorem do 'you know about the e?ct^erior angle 
of a triangle?^ 

The pupils state this theorem frdm memory and say that now the 
-proof is clear to them.. Two of them repeat it correctly. 

To another four pupils of a parallel clasjs, who were approximately 
as good at geometry as the four *ment.ioned above, we gave the same 
^text, but after the words "a triangle is formed in-which angle 2 is 
an exterior ^angle and anfele 6 is the interior angle nonadjacent to 
angle 2; this means that angle 2 should be larger than angle 6" 
we inserted "according to the theorem we studied earlier which says 
that the exterior angle of a triangle is larger than the interior 
angle nonadjacent to it." All the pupils independently understood 
the theorem, ^ ' 

This* shows tijat it is not enough to know the proposition required 
for a conclusion (the subjects all remen±>ered the theorem a^out the 
exterior angle of a triangle well), but it is important to recall 
it in a given situation, under ' ^given conditions. The words recalling 
the theorfem immediately 'made the sil^uation clear where the theorem 
was to be used, but the ^simple reference in the text to Section 44, 
which contains this theorem, was tiardly effective. 

Pupil S, a sixth-grade girl, was first ^^ked to read the proof 
of the theorem^ of the angles with parallel/ sides (Section 79 in \ / 
4Ciselev's book). Having drawn thq' two a^ligles, she read in £he text^ 




Having extended one of the sides 
of angle 2 until it Intersected the > 
' • side of angle 1 tha^i^s not parallel . , ■ , 

to it, we obtain an|le 3, equal to angle ^ ^jj^ /3 

1 and to angle 2 (as corresponding --yt- -* ^ 

. angles formed by the transversal of ' 
parallel lines); therefore, angle 1 » 
angle 2 (see Figure 2).' 

Pupil S: I don't understand wlj^ angle 1 
are they corresponding ang^s? 
really corresponding angles? 

E:* Angle 2 is equal to angle 3 as corresponding angles 

formed by CM bisecting- pat^Uels, AB and ED. Angle 3 - 
angle 1 as 'corresponding angles formed by ED bisecting 
parallels' CM and EF. And if two angles are equal to a 
third, it means that they are %lso equal to each other. 

The pupil sai4 that no^'she- undlrstood the theorem, and ^he 

repeated* its proof . , 
-Pupil L, another sixth-grade girl, independenMr^ad the same 
theorem twice, then sa,id that, she did not understand the proof. Then 
the Experimenter gave this explanation;. "The proof is reduced 

the fact thit we first prove that angle 2 equals angle 3;~tW 
prove angle 3 equafto a^gle I." JThis remark was encAigh for the 
pupil to understand the proof. 

When xy^±B. theorem was given to several pupils of the Moscow 
Regional Seconda^ School for Resident and Corresponding Adnlts who ' 
had not yet covered this material, one of. them, Mr. I, asserted.' 
categorically that he did not understand the proof. Here is his 
rea^oi>ia^on this theorem: ^ . 



Mr I- What kind of "corresponding*'' angles are wtf talking 
. ' Vbout here? In parentheses it says "as correspond 
angles formed by the transversal of parallel lin^s, 
'fcorrespoAding angles" [he emphasized the, s of thls^ 
word], and before "this it says "angle 3, "fequal to ^ 
angle 1 an^ to angle 2." so they should have written 
"As a corresponding atigle" [about angle 3J or to 
corresponding angles" [about angles l%ind 2 J , but 
it just says "as corrfesponding angles. 

E: But'do you understand the course of the proof?' ^ 

I- NO, *I don't. And it's hard to understand when they iust 
casually mention something about corresponding angles. 
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The experimenter felt thatjt/. % just id not want to under- 
stand the tli^jrem, to penetp^ into it, because of the feeling 
of dissatisfaction he got frpm such a presentation of '^is proof. ' 
When the experimenter stressed that the words "corresponding^gles 
with parallels" related to the pairs of angles 2 and 3 and angles 
3 and -l.^ >Ir. I said: "But it doesn't say anything 'about thaj; here. 
I can't guess what's not written. • Some kind of hint |,s needed 'to ^ 
explain the,situation. " ^ ■ 

le 2 =^ angle 3. p. Understood? ' ' . 

Ilk . •* ■ 

iurse. As corresponding angles with parallel lines.' ! 
Angle 3 = angle 1. Yes?' V ' 

i: 'Right. . •. . ' , . . , \ " 




E: "3o., wliat conclusion can you-raake? 

■ . ^' * « 
If ajcigle 2 ;is equal to angle 3 and angle 3 is equal ta 
angle "1, that- means angle 2 is, equal to angle 1. 
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- E: Well, greati You've understoo'd it all . isn't that" so? 
I: Now, yes, but it's very vague ln^thls ^ook. 

In repeating^ the proof of this theorem, Mr I first- pointed 
out: J'.Thrge an&les are -equal; angle 2 to angle 3 and anele 3 to - 
angle* 1. Twu^ angles are'equ^l tf% a third, that is, they are equal 

to each other too.'* ^Thus he . suimned up th^ proof, stating its 

* ' I ^ ' *, ''(1 

scheme.^ This helped 'him understand It and reproduce precisely th^ 
rest of ^tKe proof accord;lng to the t^xtbo6k. * . ' 

We let a group- from School 187 examine for themselves the. 
proo,f of Vhe theorem that ^wo lines are parallel: if. the interior 
angles on the same side of the transversal, i^d up to'-2d (see^Flgure 

In Kiselev's^ textbook it.ds presTented thus; ' ^ 



^ it also ht given that angle ^ ' 

4 + angle 5 « 2d, Then we ^hould 

conclude that angle A = angle'6, s^nce. . , - 'V' ' 

a^ie 6 added to angle 5 also equals 2d. ' /V^ 

But i>*ffhgle 4 = angled 6, the iine^ — - - . /^I..... 

. . panno§^ in^tersect; since otherwise p'/'^ " N ' 
^^ingles 4\and 6 could not be'equal »^ • / 

( <One would be an exteridr "arigl^* s 'a - _ ^/A • "\ 

^ ' and the otffer ^(SFuid be^ the lnter;l</r ' T ^ 



angle npnadjacent to it) •[!: 43 ] . 
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The pupils sai^hey did not understand the proof. Then the 
ext)erimenter read Qfl^ text phrase, by phrase with the pupils'. It 
yppeared trfat many dements on which the theorein was .based were not 
understood by the pupils. Especially unclear for them was the 
statement tkat "the lines cannot intersect slnce^ otherwise angles 
4 and 6 could not be equal." The pupils dould not grasp the 
conglomeration of cAticlusions ' and inferences, 'and said so frankly*- 
"What is this 'otherwise/? Why couldn't angles .4 and 6 be equalJ^V ^ . 
they, asked. - * ' > ' " L 

. Then the experimenter asked them to read th'^^ 11 owing, variant 
of the exposition firf the proo;f: - 

' Angle 4*+ angle 5 * 2d. i*et us look at angles 5'and 6. 
They also add up to 2d, since they are adjacent aiigles. Mtd f 
* if angl-es 4 and 5 « 2d and angles 5 and 6 »'2d, what Van 
^ be said' of angles 4 and 6? They will be equal. Let us note 
this: angle 4 « angle 6^ If the extensions of the lines * 
were to . intersect , a triangle would b6 formed atid consequently 
an»gle'6 would be an exterior angle and angle* 4 WQuld be an 
interiot angle. An exterior angle is. always greater than 
the interior angle nonadjacent to'it (you le&rned a theorem . 
about this). Biit we hav6i them equal, therefore our proposition 
• is wrong: the li^aes, cannot intersect , and^ this* means that they ^ 
are parallel. ' ' 

At first glafice this explanatiort i^longer and more complete. ^ 
The aupposi-tion' is developed 6l detail here, and there is .a ponditional 
form of propositions. " This text , nevertheless, was ii;miedidtely 
und^stood by the..^pils. Why is thi^? ' 

' In the textbook presentat^^on,-. the material is given precisely, 
but too briefly — so briefly thaKeach phrase was a problem for tbe , 
pupils. They were iWediately fac^^)Lth several problems, and the 

^ course of the proof was incomprehensible. 

The second variant of the probf , which we offeree}, was not 
tn^thenatlcally different from the^first. -^But in it there is,.fir8|^ 
supplementary, guiding phrases of purely psychplgolcarl value: 

» "let us lo»k at. angles 5 and*6," "what can be said about angles'^4 
and 6,'V"lat us .note'^this etc. Second, the phrases 'in it are - 
elaborated more fully, which results in the final conclusion being 
easily perceived, by. the fJupils' like an otrfiimry conversation. ' In ^ 
addition, the f>irr*sajjental icfea, of t^ie proAf^assumlng the 'contrarxT- 
is Hght 1;^ accented. ^ ' ' ^ ^ ' / f 




Thus in the second variant of the proof the pupils do not 
face two or three problems, as they do in the first variant, but only 
^ne— to understand the idea that the extensions of th^ lines cannot 
intersect. This idea is easily grasped by the pupils, and the whole 
proof is understandable to them. ^ 

We can state other similax: facts. Pupils qftefi announce 
their lack of understanding o£ an exposition in the textbook 
wherever the author makes a parenthetical reference only to^ ^he^ 
ropriate section number of .the bobk', instead of repeating ,one 
* of/the previous iStatemehts. ]^ the first part of'^hat 6ame theorem 
the 'features of parallelism of lines t^ie^text says, *^ . . angle 
2 is an exterior BXi%\e an^ .angle 6 is th^ interio;r angle nonadjacent 
tp angle 2; this ipeans that-angle^ 2 should be larger than angle 
^ (Section 44) [l: 40]." Here the refer^^e is -to the tf^rem of 
the exterior a'ngle of a triangle* / . - ^ • r 

The experimenter tested the knowledge of Pupil X^^'a sixths 
gra^e^ girl, concerning previoys material, paj^icularly this theore^. 
The gix^l, knew it well. -Having read the proof of the theorem of / 
the features of paralleflness of lines,' the pupil said that she did 
not understand it. Then the experimenter requested her to read 
the proof ' agai^i. • >tt ^ ^ > 

, Pupil T:l If the intersection is at P , a trlaiygle is 
^' ^ fotmed . . . / -* < ... 

tE: Do you understand this?' n 

X, Pupil J: Yes . [reads the' book]", . . . in whi,e*i angJ 

2 is an exterior angle and* angle 6 is the interior 
angle nonadjacent to angle 1; tHis means that 

/ , ' , angle 2 should be^arggt than angle 6.*' There's 

^ something here I don't understand. 

E: What don t you understand? You know the^theorem of the 
exterior angle of a triangle, don't you? 

' ' Pupil *T: Oh, yes. 1 know,' I ilnderstand. ' ' ■ ♦ 

Later Pupil T read the proof to the 4nd and v^as^-able to repeat 
it will full 'understanding of the' matter. » ^ ' . ^ 
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Three sixth-grade girls were asked to examine independently the 

p^rt in Kiselev's textbook concerning the theorem that each side 

of a triaftgle is smaller than the sum of the other two^ sides 

(See Figure 4). In the textbook its proof is presented thus: 

In triangle ABC let AC be the largest side. Extending 
• • side AB, we mark off BD BC and draw DC. Since triangle 
^CD is isosceles, angle D « angle DCB; therefore angle is 
less than angle DCA and, therefore, in triangle^ ADC side 
AC ig less than AD (Section 47), i.e., AC < AB -f BD. 
. Replacing BD by BC, we get AC < AB -f BC [l: Section 50]- 

The puails understood the beginning of the proof (the first three 
sentences)/: It was clear to them that angle D = angle DCB. But 
they were confounded by the sentence: ''Therefore angle D is less 
than angle DCA." , ' . ^ 

Pupil Kf Why is angle D less than angle DCA? 

Pupil S: But don't you see? Angle DCA is big and angle 
. . ' ' ■ D. is small . \^ * . ^ 

Pupil P: Of course. Angle ACD is obtuse and angle D is acute. 
^ . * ' % 

' It is clear that the link omitted by the author — the note*"tii«t 

the greater side lies opposite the 'greater angle, mutely mentioned 

^ in the book by the preference to Section 47— did no^^ome to. the pupils' 

minds, and ihey left the logical patHyof the proof, crossing over ^ 

to direct judgment 'from the drawifig. ^ 

Also, the pupils 'were completely baffled 

« 

by the words "and, therefore, In triangle 
ADC side AC is less than AD." Pupil K^it' 
this about these words: "Wliy 'ther^lore'? 

If it is simply obvlou^ that AC i?^ less than ^ FlRure 4 

AD,- "then why prove it?" Eviyntly the pupil understood that 
a logical proof is required .^but , in view of the break of the 
logir.al chain of deductions due to the omission of one element 
of the argument, the proof was unintelligible to her. Meanwhile,. 
fit the beginning of our conversation the pupils re^^i^ed several 
-of the preceding Lheoreros, including the theorem of the greater 
side being opposite the greater angle in a triangle to which the 

' * 

textbook made reference. All the^upils knew this.theorqra and "not 




only remembered its text, but.aiso it4^proof. At the same time ^ 
none .of them thought to' - use it to prove the new theorem, so they 
did not understaijd the latter.. They were perplexed by the formula 
AC.<AB 4- BD. .Also they did not' under^^«id why BD was replaced by 
BC. In a word, the tUeorem was not understood at all. 

To escajie from this situation- the experimenter directed the pupil 
attention to the parenthetical mention of Section 47. The girls 
read this section, said they knew it, and one of them. Pupil K, , * 
rereading the theorem, said that now she was beginning to understand 
the proof of the theor-i^m. 

It is interest,lng that the previously unintelligible phrase 
"angle D is less than angle DCA" was now correctly understood by 
the pupils. When the experimenter asked fhem why angle D was 
less than angle DCA, Pupil K answered: "Because it is equal to 
angle BCD, and angle BCD is less than angle ACD," 

We observed the same - thing In the . experiments with adult subjects 
the pupils of the resident and correspondence school. Thus, Pupil R, 
speaking of the proof o^ this theorem, said "Something here is so 
short that I can't grasp the main thing. Why should side'AC be less 
, than AD in triangle ADC? I don't understand anythijig*" And she 
^began repeatedly to reread the proof. Finally the pupil noticed 
the parenthetical reference to Section 47, looked at 16, *re*read 



the theorem that- was causing her trouble, said that now she under^ 
stood the proof, and presented it independently. 

^: Why did you look at Section 47? You already know this 
^ theorem, and it's clear that it's mentioned hereT 

Pupil R: I should have looked at Section 47 long ago. I 
would have proved it for you immediately. 

E: " But you remember this theorem, don't you? 

Pupil R: Yes, but It's not directly mentioned here, and It's 

hard to remember when you hre fbllowing an e5?posll^|^n < 

It is quite obvious tha^t In th^ cases mentioned above, the 
ndnunderstandijnig arose as a result of the absence of a connection by 
the pupils between the separate mathematical st^atements referred to 
in the textbook. Usually the pupils remembered the theorem on . 



which the proof was based, but because of excessive brevity of 

the exposition in the textbook, they did not find the link between 

"tihe new and the old material, and consequently did not grasp the 

logical course of the proof of the new theorem. 

It is fitting to recall the words of Pavlov about the fact 

that^only thanks tq a connection or association "a system, an 

organization is ^formed [3:47] The excessive brevity of the 

exposition of proofs in Kiselev*s geometry textbook hampered the. 

utilization of necessary associations and added a new problem to 

tl^e pupils* task, that of deciphering the book's references, which 

distracted them from the main problem--to follow the logical chain 

references and conclusions in the proof of a theorem. 

The following facts show just how difficult Klselev' s geometry 

« 

textbook,, because of its e;l^treme laconicism, Is for the independent 
comprehension of sixth grade pupils. Of the 12 pupils who independently 
studied the proof of the theorems given above according to this 
textbook (Sections 50, 73 and^79), only one pupil independently 
understood the proof of the first theorem; two, the proof o5 the 
second theorem; and four, the proof of the third theorem. Fox all 
the other pupils the proofs of these theorems were unintelligible 
without the experimenter ^ s supplementary explanations; he had to. 
reconstruct the omitted or insufficiently elucidated links of the' 
proofs. ^ ^ 

Omissions of intermediate links in reasoning have a strongly 
negative effect on the comprehension of proofs of geometric .theorems,' 
primarily on the compreheiwl on of their logical structure^ The 

connection with restoration of the 

„ pupils* thought from the main problem. ^ 

l^edagogl^cal experience constantly shows that it is easier for 
the learner to solve one complex problem than several smaller 
ones piled atop each other. Because their attention is distracted 
, by secondary problems, the pupils often do not grasp the main course 
of the idea and as* a result cannot understand the material explained 



'1 

to them. M 
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An interesting fact may be established here regarding the work 
of the memory. As already noted above, in all these cases the 
pupils had mastered the material needed for comprehension of a 
new idea. And still they did not understand, because they did not 
think to use earlier-^learned theorems to prove new theorems.- 
Psychologically speaking, the memory did not supply the needed 
HBte^fcal fr^ past experience, mainly because the consciousness was 

w 

entirely concentrated on the new material. This resulted in lack of 

understanding. There is a special difficulty here to understanding 

complex 'abstract material. There is reason for the pupils in this ' 

situation to say, "It'^hard to remember when you are following 

an exposition." ' Only after clearly understanding tli^ basic problem ' 

did pupils begin to recall earlier material. Without this, ' 

they did not think of it. 

From this a coih^usion suggests itself : in pupil's thinking 
there is a chai:;acterist ic tendency toward one-problemness, toward 
elucidating the basic problem with the greatest simplification 
of secondary problems whenever they are trying to understand new mater iai. 
Ari4. this is completely natural, s:y|||fe if the' system of basic 
connections is insufficiently elai^ated, any additional irritations 
caused by mutual induction of the ':^ural processes begins to slow 
dll^n' the main wakening centers. The negative induction of the neural 
processes in the cortex that then arise is the brake that hinders 
the p^upils' comprehension of complex (**multiproblem") material. , 

e Thus, one of the most important conditions for understanding 
study iiHterial is t;he precise isplatiipn of Its main idea, particularly ^ 
the basic line of the proof?* which should be examined in detail in 
all its intermediate elements, but without distractirig particulars 
and secondary problems. * * 



"^The remarkable lectures by the greatest methodologists and / 



mathematicians (Professors Bogomolov, Koyalovich, Kavun, whom the 
author was* personally able to hear.) were distinguished, among other 
reasons, by the fact that in them the listeners were constantly reminded 
of even the trifles that were necessary to underst^id the main point. 
Thankp to this, the listeners' minds , unburdened by numerous 
problems, went full speed ^long the road to elucidation of the 
main problem, as shown by the lector. ^ 
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• explain abstract material such as the proof of geometric 
theorems understandably to sixth-grade pupils means to eliminate any 
vagueness in the details, leaving for solution only the on^ basic 
problem on vhich the listener concentrates.' This is the ^irst 
conclusion we make as a result of an analysis of our experin^ntal 
material. 

• Further analysis of tihese mater ials,.-«fiowe^ along with a 
detailed explanation of the basic liue of proofs of geometric 
theorems (especially in examining the more complex ones) the pupils 
must show the scheme of the proof, turning their attention to the^np^ 
basic courses of thought, that is, to the connection between the main 
elements of the proof without analysing them here in detail. 

. We have already cited the case of Pupil l,who foi^ a long time 
did not understand the proof of thle theory of the angles with ^ 
parallel sides. She understood it) as soon as the experimenter gavfe 
her a scheme of the proof, Vfe efftcountered other similar occurrences. 
We cit€^ some of them below, \^ 

For a long time a group of pupils did 
not understand the theorem of the inscribed 
angle (Section 124 in Kiselev's book), ' 
mainly because of the great many data about 

various angles and figures given in the t?ext. 

t, • 
Then the ^ experimenter decided to map out the 

main idea of the proof of the theorem ''like 

this: '^Angle B is t\^ce as small as angle ACm:, the external angle, 
and angle AOC is measured by arc AC. Therefore angle B is 
measured by half of arc AC" (see Figure '5). After this the pupils 
easily understood the proof given in Kiselev's textbook. 

Another group of pupils from School 187, during one of the 
consultations held by the experimenter, asked him to explain the 
theorem of the relationship between arcs, chords, and^the 
distances of the chords from the center. 




Figure 5 



The theorem reade(; 

4 



If two arcs, smaller than half a circle, are not equal, 
the larger of them Is cut .off by the larger chord, and of 
both chords the larger one Is closer ^o the center [l: 
Section 109]. ^ 
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The proof was explained in class by the teacher, but still it 

remained unclear to these pupils. They understood the first part 

of the proof, but the second part seen^d very coniplex and^dif f icult 

to them. The experiiaanter* s questions about each element of the 

proof disclosied that the pupils understood the constituent * ' 

elements but; could not unite them. 

^^'X under^stand, but not quite,'* one girl dej^ined her understanding. 

Then the 'experimenter g^ve this explanation: 

We inust prove that OL is greater 
. than OF. QL is greater than OM, and 
' OM is greater than OF. Why? Look 
at' right triangle OMF; In it OM 

. *is the hjrpotenuse and OF is a leg. 

* The hypotenuse is always greater 
.than a leg (Figure 6)a 

Essentially this was almost the same as wh'^t was said in the 

chemfttically. The pupils 
announceo thA they now understood the proof gi^en in the textbook 
and then presented it correctly. y ' 

This kind of schematic analysis is especially valuable for 
understanding the proofs pf more complex theorems. Doing the' 
experimenter's assignment^ a group of eighth-^grade girls first 
became acquainted with the pr^oof of the Pythagorean Theorem in 
the textbook (Section "257) . The 
pupils understood the separate 
elements of the reasoning given » 
them, but the prpof as a whole 
remained' unclear for them — they 
could not suminariEe it. In 
this connection the experimenter 
decided^ to explala^ the scheme 
of ^the proof to them in this 
way: 
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Figure 
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Experiment er: 



We must understand. how- the proof ^s constructed, 
I'll now summarize it very briefly for you, 
without even u^ing letter designations, n 
Look, this triangle [indicates triangle DBC 
in the textbook] (See *Fj_gur^ 7) is equal to ^ 
half of this square [points but'ABDE]* 
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Pupil syiWhy? ' * . 

E: %pn^t ask now, I'll get to that .... And this triangle 
/indicates ABH] is^^qual to half of this rectangle 
jkndicates BLMHjrBut the triangles are equal; therefore 
tnis square [indicates ABDE]is equal to this rectangle 
[indicates BLMH]. We reason the same 'with respect- 
to the right sqiaare and rectangle. Now read the proof 
of the theorem from the textbook. * ' . 

Having re^d it* the pupils .said that they now understood th6 ^ , 
proof. V , 

^: Do I havB to' explain wh^ the area of triangle DCB is 
equal to half the area of square ABDE? 

Pupil K: \'No, that is clear: triangle DCE has a base' that is ^ 
\common to square ABDE and an altitude CN that is 
■ff equal to the altitude AB.of this square. 

Thus the pupils completely comprehended -^he prdof o^ the theorem 

immediately after the experimenter had given them a brief scheme 

* * '2 

of It, not even using literal desighations of the figures apd angles. 

The following data from our experime^its Speak for the value of 
this t]ipe of schematic exposition *of geometric theorems. We asked 
10 average pupils to analyze independently the proof of the theoreuj 
about the property of as> angle bisec?tor in a triajigl^ " [l : Section 109]. 
We asked 10 others to examine the theorefii about the relationships 
between arcs, chords, and thp distances' of cl^o^s from* the center 
(1: Section 109].' Of the ;0 pupils, ,only 3 could prove the first 
thegrem, and only 4 could prove the second. After a schematic 
ekposition of the -proof of these Aaaorems by the experimenter, the 
pupils correctly analyzed their j^ofs in the textbook. Now eight 
pupils proved the first theorem and all proved the second*^ 

At-- first glanc^, ^the dat^ seem to be in sharp contradttion to 
the earlier conclusion about the necessity of the detailed exposition 
of geometric proofs witho^ut any' omissions of their ij^termediate 
elements. Really, however, there Is ^no contradict'ion:\ detailed ^ 
proof of geon^tric theor«c^ which ^supposes the formation of connections 



2 

A ^milar method o^ "schematic" exposition of the proof of 
geo^ji^tric theorems was a^iiplied by us only as one of the exjSerimental 
devices of investigation ^nd-ftet as a general methodical device 
recommended to the teacher. From this point ot view, the^ device of ' 
course needs a whole arra^r of modifications. 

- ■ \ \ \ • • • 



between separate elements of ,a proof should be aet!i»^anled by general- 
ization of the .fundaiSental T?olnts of the proof , that is, by organization 

stSem of fimdan^tal' connections. This is inmie4iately 
achieved^ in a schematic exposition of geometric proofs. 

Sonjetimes such a schematic presentation of geometric proofs 
should the conqluding point, but more often it should be one 
of the initial ones. In particular, this would be tru^ in the 
experimenter's explanation of the Pythagorean theoreili "cited above. 
In a schematic exposition of the proof of the Pythagorean *t^eorem, 
Pupil S raised a question at the experimenter 's first statement: 
"Why?" she asked. The experimenter answered, "Don't ask now, I'll 
get to that." Thus he simply made the pupil t?empor^i;^H"y forget" 
about substantiating th^ individual propositions' in order to explain 
t-^ the structure of the proof as a whole. This help,ed the pupil 

understand Ikhe essence of the proof of the theorem; 
^^y^ Such an example is often used by the pupils themselves if they 

do not icanediately succeed in underst^ding the proof of some 
theorem. The pupils, however, who dp not think to use this device 
and at the san^ .,time who cannot go deeply enough into the material 
so as to analyze it independently, finally become confused a^ falseLy ^ 



csonvinced of their inability to solve a given problem. * In such cases 
the teaaher should come to the^pupils' assistance and, in order to \ 
advance independent development of their thought , ' Should advise 
them to make, a scheme of the proof,, omitting details. 

Of course the nonunderstanding pupil may be forced to" continue 
reading the material carefully, recalling what he should knpw, 
exdmin^jig details, etc. Such demands may be useful! sometimes, ' j ^ 
training the popils' 'ability to overcome difficulties Indep^indently. 
Nevertheless, this route of intentional difficulties does not solve 
the question of rational devices for explaining incomprehensible * 
material. The explanation, once it is given, should^always be under-^ 
statidable to the pupils; otherwise it is useless.' More than. enough 
dif Jf.lculties in mastering the study material always arise, and there 
is 'r^o need to create them artificially where they can be entirely 
eliminated. 
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Suumarizing what has been 'said, itj be noted that among the 
factors promotiAg coTsQTrehension of th4 study material;^ that is, 
^proiaoting establishment o^ the cpnnect^ion among its individual 
eitmexits and Isolation of the main group of them, these two shoi 
be distinguished above all: \ 

1) a'de^tailed presentation of the iuate;^ial with elimination 
of any jjplcondary difficulties, ^ ^ ^ 

2) a brief ^cheiaatic presentation Qf the material, permitting 
one to view the proof of the theorem as a whole^ to understand the^ 
main idea in it, and to imagine its structure schematically. 

It must be ifemembered here that the Isrevifcy and amqunt of 
detail of the pr^psenta'tion can never entirely be a' matter of the 
purely quantitative** side of tshe verbal ft>rmulati.on of the 
explanations given. The brevity w^ refer to here consists not 
only in the^use of a small number of words, but is inclluded in a 
special coi4^ traction of the explanation of the material which 
reveals its scheme and transmits the essence of the matter in^ifew" 
words. Detail in the explanation does ^not signify its verbosity, 
but signifies a construction of the proof^ such that secondary 
difficulties hindering perception of the main idea are * 
eliminated. 

Levels of Pupils* Comprehension of Geometric Proofs 

) In obser/ing the indicated conditic:fns for understanding — a 
detailed expositipn of the s^udy material and its subsequent 
schematic generalization — the pupils as a ^ule quickly grasp the 
proofs of theorems presented to t^em and correctly use them in 
further study of geometry. Here, however, such a level (degree 
o^ depth)^ of understanding is 'not alw^s immediately achieved, 

and not by all pupils. One may often encounter more elementary 

♦ 

levels of understanding. Wiat are the^^ levels, and what 
are their psychological characteristics,? 

Xo answer these questions, We return to .an analysis of 
concrete materials. 
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Pupil V (a sixth'-grade girl), proying the , theorem of angles with 
correspondingly parallel sides, made a. correct construction (see ^ 
Figure 2, abcive) , then toade a mistake. Instead of saying, *'We 
obtained angle 3 equal to angle 1 and angle 2 (^s corresponding, angles* 
formed by the transversal of parallel lines); therefore angle 1 
is equal to angle 2,*' sHe said, "Angle 2 is equal to angle 3 and 
angle 2 is equal to angle 1, therefore angle 1 is equal to angle 2 J* 
Fj^pm what fqll^w.ed it was ascertained that this error was not a 
simple slip of the tongue, but the result of the pupil's not knowing * 
what to equate; not understanding the logic of the prqof, she could 
not summarize it properly. •» 

Howevei;, individual links in the chain of reafsoning were clear 
to her. * ^ . ' ^ ' 

Experimenter: Wln[y is angle 2 equal to angle 3? 

Pupil V: As corresponding angles formed by parallel 
lines and a. secant. 

E; What can 'be said about angles 3 and 1? 

P: They are equal. y . - 

E: Why? ^ ^ ■ ■ . 

to 

P: Also as corresponding angles. 
,E: What do we have/ then? 

P: Angl^' 2 is equal to ^nj^le 3,' and angle 3 is equal to angle 1. 
■That means ajagle 2 is equal to angle 1. * ■ . * 

Thus we see th^t^ the pupil's comprehension of the^proof of 

the tlieorem existed, but it was still not profound enough for 

a correct i^reseutation of it, ' , 

Further, the experimenter asked the pupil to prove 'that same 

theorem, herself, not for acute angles asg had been.done first, but ^ 

^ for obtuse angles, with their sides directed to the left instead 

of to the right. Her% the same method af proof should have been 

used, * The pupil, however, extended the side of^ one obtuse angle 

until it intersected the side of the other angle, obtained an 

acute angle similar to the one in- the preceding theorem, thought a 

moment', was about to construct a second acute an^le, analogous to ^ 

# \ 

the one in the preceding drawing, but ^then, understanding the 
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uselessness of such a construction^ announced that she did not' 
knQV hoWto*prave it. ^ It is obvious that^here we have an incorrect 
transfer of the scheme of the drawing of the first -proof to the ' 
second, without taking account of the conditions of tbe new problem. 
The pupil finally succeeded in proving this theore*m only after th» 
eiJperimenter Ijad eyased the unnecessary extensions of the lines 
and directed ifc^^ttention to the similarity of the proof of this 
theorem with both acute and obtuse angles. 

'Pupil K, a sixth-gr^ade girl, was asked 
.to read Section ^38 'in the textbook. Here 
the theorems that 1) in, an ispscel^s triangle 
' the bisector ^f the vertex is both the .median 
and the altitude, and' '2) in an isosceles 
triangle the base angles are equal, were 
proved (Figure 8)# As Is known, both 
theorems are proved by folding the 
drawing »along the bisector BD. 

Having read the proof^^^i^en .in Kiselev*s text twice » the pupil, 
when asked if she understood it ^11, anawerod < that sh6^. understood 
the proof, bj;t it yas not caear t^Xey^l^yV ,^^^*^egult of the 
. equality of angles -1 and>2 (at-the vett^^)t"'si4e^ AS falls onto'side 

BC (a lateral sideh „ , * 

The' pupil fxipther-' required ^n additional explanation ©f why,^ / 
as a result. of the equality of angles 3 and 4, is the perpendicular, 
that is, the altit^^. *After the experimenter's explanations the 
pupil announced that she understood everything in the theorem,' ^ 
But she stili. could not summarize its*proof. The explanation had 
to be repeated before she could do this. 

Another girl, Pupil P, also said t^iat^ she understood all , , but « 
became confused ip transmitting the proof. .She salxi only -that AB 
falls along 'BC' and point A coincides ' with point C. ^And immediately, 
without proof^she concluded tli^t angle 5 was equal ,to angle 6 and 
BD was the altitude and the median. However, th the question why 
AB falls along BC,* she answered' correctly : ''As a result of the 
equality of angles 1 and 2 (at the* vertex) ^ also' answered 
^lorr-^^^ly the question why BD^is the altitude C'As a^resultrfof th^ 
equality of angles 3 and 4^"*). ^ It can be seen from this that the 
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pupil^ tmable to transmit a connected proof of the theorem, ^ • 

correctly transmitted it by/individual parts in the form of answers 
to questions. ^ ^-^ - » 

^ Pupil SU. ri^ading the* proof of this theorem, could ngt transmit 
it. When the experimenter asked her why AB falls along BC, why 
point A coincides with C, etc., she ,canld not answer. Then the . » ' 
experimenter read her the proof by parts. Thu^ the^ proof was * 
* broken into a series of individual link^; 1) Let us fold the 
drawing.^ 2) Because angles 1 and 2 are equal, AB will fall alo>ng 
BC. 3) Because AB and BC are equal, point A will fall on point 
^^^4) ADr* falls along BC and matched it. $) Angle 4 matches " » • 

^angle 3. i) Angle 5 matche^ angle"6. \ ' " * 

After, the proof was decomposed like this, the pnp^l announced 
that she undei: stood it, although she could not summarise it in^penjdently 
What she experienced subject ively. as *'wders^bbllt7"-^^iFas r^lly - ''^^^ 'H^^ 
(objftctively) related npt to the wl&ole prtfof, but only tA in<3ilVidlial 
parts ot^t, and as a resul^ thg pupil was unable to present the^ \ " ^ 
entire proof ^sequentially as a unit.- . * * 
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Comprehensiorf of indi^^iduaA . pa^^fcs of the proof when it is 

T ^ ■ ^ 

impossible to present it as a whole is one of the initial stages » 

of xoihprehending the study ^saterial. In this cas^e the ^ individual 

^laments of the proof percefved correctly t^t ^till without ^ 

the^iobligatory interconnection, and result the coiapreheitsion 

has a scrappy, fragmentary character. This is the sta*ge of farmationf 

of individual' associations (or^ individual groups of associations), 

but it* lacks their sequential <K)mbinatlon to fonh one^conmionJ 

chain and, moreover, a,^ general irat ion of their system. * . ^ 

But many pupils with whom we conducted thq work indicated 

another level of understanding. ' ' • 
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Ptipil S, having read the proof of, the'th^^^em of angles wi^h ' \ 
parallel sid^s (Section 7^) three tixaefe and correctly, repxodlicing 
it under guidance of the experimenter, announced ''I understand it 
all. T^fo-- theorem i^easy.'* The'.pnpil,- however, was hard" pressed 
whefi the experimenter asked fier to» ^rove -this theorem for ' 
'•obtuse angles facing in the o.ther direction. ^''Hex attention had 



' to bef dlr^ted to the fact that here the* same principle of proor^ 
-as In the tirst case was to be ft)llowed, after which the pupil 
fcorrectly prpved this variant of the theorem, 



Independent proof of the same theorem ^about angles facing 
in opposij:e ditrecHons from the vertex (Figture 9) wa% totally 
impossible .^pr Pupil S. She began b^ extending. AB to its inter- . 
.section with DE and tl^en began ib prove the equality of the newly 
formed angle with thiL^given one, but could go no further. ,She 
could not understand that the principle of proof here was the 
same a/T?^i^e first two cases with the only <iif f erenc^ being that 
here itwas necessaiJy to construct a supplementary vertical angle 
(Angle 

1 It Has clear from further con;or€;rsatlon that the pupil, 
although she repeated all part^ of the proof in proper seqoSwie, 
/Still had difficulty ascertaining its' main ^idea: to tomjjare tSwo 
angles with a third and, if it turns out that the fir^ftwo \ 
angles were each equal to the third, then therefore they are equal* 
to each other. 
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'Pupil t read the theorem of ths sum of the Angles of a triajigle 
' and its proof (Section 81) twice. To the experimenter's Jfuestion 
. *Is the theorein^tlear?" she answered yes, cchsf^tly giving the 
proof df ' the theorem. All seemed to^go well^complete compreh^^ion. 
Hovfever, tke experionenter's next question, "Why is angle A + angle ' 
fi + angle C equal to 2d?" -(Figure 10) confused' the pupil; she vas 
■ silept. Finally it was l^rned thit the pupi,l did not undera,tand 
' that instead of angle A one could take angle BCD, and instead of 

angle B, angle BCE, since 'theywere equal^^to each other. And here 
•. it appeared that the pupil, having correctly stated the proo^^^ 
•according to the textbook, still did not isolate the basic principle, 
the main idea of the proof. " / * 
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^Tom this-^Qllows rapid forgetting of the proof and inability , 
of transfer or generalization, the impossibility of constructing*" 
'an analogous proof using the same idea on different material. • ^ ' .^^ 

Pupil Kh^ who correctly repeated ^the proof of the theorem about - 
an isosceles triangle, K^s asked to ^rgff^iafc^.jT^JIj^f^^i^ la'tierT^ ' > 
^ She could nof . dg^j^i^^^^^^^iidicate that the drawing had to 

be fdfldeaV ^he H:ou3,d not answfer th^ experimenter's question, "But why 
does AB go along BC and angle, A cdincide with angle C?" 

In all the^^ examples are dealing wi^h a special level of 
understanding by which ttie pCipils^ correctly state the proof of 
theorems but Ajithout isolating its main idea, or basic principle. 
Because of such understanding the pupils can correctly explain, ^. 
for example, wh^^ one "angle is equal or not equal to ahother, but 
they cannot reveal the logic of the« proof or answer the question 
of why the 'pyoof is <:onducted in just this^way and not some other 
way.' Without, isolating t'he scheme of a geometric proof, that is, 
the system of basic connections, the pupils naturally^ cannot use , 
it (tranfer it) when proving analogous theorems. 

Unlike the levefl- of "fragmentary" understanding described 
above, by which the pUplls grasped only individual elements pf a * 
proof without sequentially linking them with each other, this level 
gf understanding may Ije called " logically ungenerallzed /' 
-"Its basic characteristic is the immediately sequential- perception 
of the material given the pupils, without, however, isolation of 
the logical scheme. Mote precisely, it is without a generalization 
of^the system of its main links. ^' ^ 

In other words, at a given level of understanding we are ^^^ll^S , 
not with separate, uncoordinated associations and not with separate 
groups <^S**them, but with a sequential "chain" or an elementary system 
of associations for which there has been^no formation of their gen^r^l 
ized (Systems. ^ ' . 

In the study of geoaetry such logically ungeneralized under- 
staiiding^is quite widespread^ among the pupils,' and they may sometimes 
be encountered even in the best pupils if an^assignment surpasses 
their pbwer. Thus, for instance, at the end of the school year the 



84 

■ 9,9 



escperixnenter asked a pttpil, an exceptional seventh-grade girl, to 
analyze independently one of the first theorems from the eighth-grade 
course (on the incommensurability of the diagonal witli the side 



*of a squaije. Section 149), a proof based on data known to seventh- 
^rade\raduates. Having jread the proof iA t^ textiiook t^ree 
times, the pupil correctly analyzed it', accurately stating the 
whole course of reasoning. She did nc3^t, however, ^immediately grasp 
the main 'idea of the ptoof. Supplemelitary leading questipns and 
hints were needed for her to explain it. , v - 

It is a^ entirely different matter, regarding the deeper under- 
stand ing of the study material when the pupils not only grasp all 
elei^ients.of the^ proof in their sequent ia'l interconnection, but 
isolate the^ main princ±i)le of the proo^f, its logical sche»me. ^ 

JTwo identioally successful" groups of pupils were asked to read 
diff^jirent variants of the prpof of the theorem that the exteriot 
angle^of a tria'ngle is greater than each interior angle 
nonadjacent to , the exterior one (as always, this was done before 
the 'theorem had b^n explained in class) . ( 
The first group was to read the proof given in Kiselev's 
text, l^rere it begins thus; * 

Let us prove that exterior angle BCD of triangle 
• ABC (see Figure 11) is greater than each of the interior 
angles A and B which are nonadjacent to It. » Through the 
midpoint of E of side BC we produce median AE and* ^n its 
extension mark off segment EF - AE, Point "F, obviously, , 
will lie within angle aCD, We join F with C by a 
— -sttaight line . . . [l: Section- 44], . , 




' Figure 11 

Thus, in the presentation a series of operations is giv.en/ some 

' ' / 

const rue tio^is are ^ made, and the pupil is completely left in the 
dafk as to wh;y , for what purposd , all this is done.* Followlilg 
these unclear -operations is the proof of the theorem/ / 

ion- / 

4 « / // 
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The* pupils re^ad the proof of this theorem in the textbook 
three times and still ;i^^re unable to analyse it independently. 
Of five pupilSp' only one could correctay reproduce this ptoof^ but 
even she could not answer the sj^gej^iTOnter's questions "Whjl did 
you draw the sjedian? I'or what purpose was triangle EFG .cori«^ructe4?," 

, The eiqseriiaenter - gave the other group of pupils of the same 
grade the following vatiant of the exposition '"of the -proof of, this 
theorem: 



We must prove that the exterior angle 300 of triangle 
ABC is greater than interior angles A and B. We can prove 
that angle BCD is greater than angle B if we can construct 
angle C which would be equal Uo angle B and simultaneously 
be only a part ^ of angle BCD. - For this Ve construct an 
auxiliary triangle EFC .whose angle C equals angle B. How 
dan we do thla? Through mid-point E of side BC we draw 
median AE'and mark off EF - AE on it^ exten&ion^ We 
join F with C by* a straight line . . . 

^The rest of the- proof vjas presented as^*^ Kiselev',s book. 

After reading the proof twice, the pupils correctly reproduced 

* * 

. it. '^Then the experimenter made the problem more complex asking 

t*ie pupils to prove that angle BCD is greater than angle A, At 

first ^ this -presented difficulties for them. But scarcely hadl, 

the experimenter extended side BC on the dras^ng when the pupils 4 

^hnounced that they miderstoo(!, and proved the* required propositiqn 

correctly. * Here it is quite clear that the pupil^ understood not 

only the sequential connection between individual elements of the\ 

proof but*also its logical structure , the very ^idea or /principle 

of the proof. This helped them use the scheme o^ reasoning in 

another, altered situation. 

^It is char^teristic that when the experimenter asked' 

Mr. G of one of the adult schools, to analyze the-same theorem 

independentdy , only aft^r lengthy work could he decompose the 

' logical scheme of the proo:f. from the textbook. In answer to the' 

, experimenter's question of how he analyzed it, he said: 

' . . ^- 
1 concentrated on the fact that an angle equal to 

• angle B had to be constructed at C. For this we construct 

triangle ECF, congruent to triangle ABE, and we prove 

that t: hey are congruent and therefore that angli; B is 

equal to angle ECF. /jigle C is a part of angle BCD. * / 
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Then he Independently proved that angle *BCD is greater than 

angle A. ' . 

The pupil's arguments prove that he penetrated the essence 
of the t'heorem, discovered the §cheme of the proof, and understood 
how it .was ^constructed. For the aim and value of eacl^ operation 
to be clear to him, he had to do a great dea;ir of work in deciphering 

the text. • . ' - > , ( ' , ' 

Pupil K was asked ±o read this theorem in Kiselev'a textbook: ' 

• ^ . > I ■ ■ ■ . - 

In a convex inscrit^d quadrangle the aum of the * , 

opposite angles fs'equal^to two right angles [l: Section 135] • 

She also rekd the uncomplicated proof of this theorem. The 
pupil, however, spent a 'long time analyzing this problem, not' at 
all independently- Jiidging from the questions she asKed, her 
thought was extremely passive. ^ . 

Pupil I fpund herself in a different sitjaation when she was 
given the same theorem, at f irgt in the form of a problem: "Can 
a circle be circumscribed about any (Quadrangle?" The pupil tried 
this, using' a compass ai^d ^uler^to draw, and annoijnced; 

E: But are there any quadrangles that can be circumscribed 
by a circle? ^ * - * 

I: Yes, probably. ' ' ^ ' ^ ' m ' • 

Then the pupil drew a circle,/ inscribed a quadrangle in ^ 
it. During this process she, turned her attention to the fact that 
;the angles were inscribed and, ^a^.such, they ^re measured by the^ 
arcs which they cut o^. Thdn she considered that opposite 
sides of an inscribed quadrangle cut off ares whose sum;^iS' 360 
and that therefore they measure 360 j 2 " 180 . , 

^ When the pupil vms then ^sked to r^ead the proof of this 
theorem from the te;xtbook, she immediately analyzed it without . 
"difficulty. \ ■ ' . . ' 

■ Thus, in.both.puU(|ls there was an understanding of the proof' 
of the theorem, but their levels of understanding were quite 
"^ifferf^nt. This is shown -by -the fact that when both pupils were 
later asked to' prove the con^^&^e proposition ("If in a convex 
quadrangle the sum of the opposite angles ite equal to 2d, then 
, ] • . /. ■» . 
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a circle laay be .circumsrtlbed about* it")^ the first pu'pil could ^ 
» not, whereas the second proved It correctly. ' * 

Pupil V, having twice read the theorem about angles with, 
parallel. sides, proved it and independently deduced a proof for ' ^ 
obtuse angles and for angles with sides facing in opposite directions. 
Here completion , of the different variants of the proof, the ability 
to use its device 'in different conditions, speaks for the pupil's 
profound understanding of the main idea of the proof. 

'In these last cases we- are dealing with a new, higher level 
of the pupils' understanding of geometric. proofs essentially 
different from the krst two levels of under standing--fraginentary ' 
and logically ungeneralized— described, above. If at the 
first level of understanding the pupils grasped tl^ separate' elements 
of the proof without their sequential interconnection and attained . 
•at the second level the sequential connection of the separate , 
elements without decomposing the logical principle of the construction, 
of the given proof, then at the new, third level of understanding' 
the pupils have completely mastered the fundamental idea of th^ 
proof, they have, understood, the meaning of all the performed* operations, 
,an'd they liave penetrated the essence of the material to such an ^ 
.extent that it is now possible for them to use* the logic of a 
given argument for the proof of other similar theorems. On this 
basis the given level of vfnder standing may be called'" ^ll|^cally 
generali^d upd^rstianding, which reveals the idea of the pj-oo-f and 
allows the -us^ of this idea for the proof of. other theoren||. 

From the-, physiological point of view, this highest Ipvel of 
comprehension of the study material is characlerized by the appearance 
not only of sequential "chains bf associations, "' but also^y the* 
form^ition of, a gerieralized and simultaneously $ufficiently varied 
system of them wKich may be reoTganized, depending on- 'the concrete ^ 
material. ' In other words, it is a matter of the -formation of ^ 
dynamic stereotypes of a -higher level that allow the quick i^olatifcn 
of the b^sic elements of a proof and their correct use in solving ^ 
various geometry problems. ^ ' \ ' ' 
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The Indicated levels of the pupils' coopretoenslon of geoiaetrlc. 



proofs i8^id>stantiated,^in the "Mord« of tavlov, by "iftlliz^tion ; 
of cognitions and aicquited connections." The more, knowledge t^e 
'pupils have acquired and the more \£his, knowledge has become | 
systematized ai^ generalized, the tore profound is their under standing- 
of g^)metric mtierial. The_ achiev^ent of this kind of logicaUy 
• generalized understanding of geometric proofs is one^ of the most 
important problems in teaching "geometry in thf •school. 
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' ELEMENTS OP THE HISTORICAL APPROACH IN TEACHING MATHEMATICS* 

* . I..N. Shevchenko • , ^ " • 

« 

V ' Intro due tjop . t . 

A fruitful consideration of any question is possible oaly if the 
question ^.s stated distinctly, its limits ajrictly defined, eliminating 
any arbitrary and vague' ooiinnenj::aries. We therefore ^attempt, ^^st of 
all,, to indicate Just what wHi.be elucidated ii|f-thls article. We shall 
i^t be speaking he^e of. the value of the history of matheaa'tics generally, 
of its significance for laathemaSics" itself , of its usefulness for the 

. scientific worker who'ia investigating- a prolilem, or the like. Only . 

■ thte teaching of certain njateri4l from the history of matheinatics in 
the general-education' secondary school will be discussed here. This 
can bethought of .either as a new subject included in the secondary-^ • 
school curriculum—which is undoubtedly impossible, since the curti^culum 
is already overburdened without it— or as separate material irfterspersed 

' within the secondary^school mathematics course. 

In the la^t few- decades -many authors of works on the questions 
involved in teaching mathematics h^ve been, saying that the ^study of 
mathematics in the schools should be accompanied Ijy the coWunication 
of material' on the history of' this science. Tfiose wb^ discuss this , » 
include educators Xin thfeir methods manuals), mathematicians (in books ^ 
on 'the history of' mathematics), and sometimes? auth^s of school' texts. 
. Opirrions differ as to how this material should be commun:^cated. , A . 
course in the history of mathematics might b§ taught parallel. with' the 
mathematics course; brief, episodic discuss^ns might be condtScted on 
individual curricular topics; lectures or T^orts on historical topics 
might be arranged, , within the cycle of dyt-of-dass work, or finally, ' 



an attempt might be n^de to design the entire teaching program around 
a historical japproach. 

Alt^hougifmuch has been said and yrit ten about this, still npt 
enough attention is being given to the question^- of the historical 
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approach in mathematics, teaching in our schools. In most schools soiae 
brie'f material ©n the history of mathematics is Imparted only incidentally 
or haphazardly. In the main, historical questions are posed at sessions 
'of the mat he iaa tics clubs and often with no relationship to the'classroom ' 
sessions. Therefore we conclude that questions on the history, of 
mathematics have not 'yet found a proper reflection in theschool^s teaching. 

The reasons for this phenomenon consist in the following. ^ First, 
the purpose' of teaching theTi^ory of mathematics is uncleart ^ This is 
a paramount reason. It is impossible to think that the histo.ry of 
mathematics can be taught in school (in whatever form) and not to know 
why it is beings dpne. ^It is impossible to believe that goals for ' 
tea^hiiig the history of mathematics are clear to all, that it goes without 
saying; Depending on why we are do^g this are the questions 
o{ what ^we, shall impart from history and how it will be done, how much 
will be included, and when. Wfe believe that if \the mathematics teacher 
was, convincBd that elemehts of the history of mathematiics are of some use,* 
he would firfd both *thej time and the opportunity to do this. 

The second reason the history of mathematics is not reflected in the 
school program is that teachers do not know what forms- this work should 
take. Thd third rea,3on is. that the history of mathematics is not tfTthe 
Sb^rriculum; it- is , something optional and -this work is not controll^ed. , 
The fourth r^aso^ is that the teacher Joes not know enough history of 
mattl^inatics, he has not studied , it and he ghas no taste'^or this sort 
of question. * Finally, the fifth reason *is that there are few books on 
the history of mathematics.- * ^ 

• s 

Should questions in the history of mathematics be presented in 
School or not? The basic recomsnenclati^ns' on this should be found in ^he 
cc^urses Ixi pedagogy. Let^us turn to them* In A number of books on 
pedagogy, nothing at all is-sald on this topic, but in the course in 
pedagogy edited by %Gnizdev [36] these ideas are presented: 

' 9. 

The next requirement for curricula* is^the, introd\iction 
of the historical approacl^ . A genuine scholarly knowledge of 
a subject i-s possih^^e.only with the app'lication of a historical '< 
approach to the study bf it. f ^ 

* 

Not. only does a historical approach to the study of 
phenomena deepen the understanding yi them, not only cjoe^ it 
f otm. a dialectical-materialist worl/a-view^ bu;t it heightens ^ 
interest *in^ serene it f osters/^ nespect ^or the great men of — ^ * 
science, it helps one' to pe^l^cef^/e th^P*«act ionary rdl.^ of • ' 
religion 'In its struggle against tl^ vanguard of sctenc*fe and 
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stientist, it hel|>s one ,to understand the gratxdetir, of the 
opportunities that ayes^penlng up for thi applicati^ of 
* science in the lah^jpf'l^ociMism. The hietotical approach 
' pl^ys an enormo^^ft'^ble j>cioartly with tespect to #tV .socio- 
I>olltical discipitnfes. %A^fai^iliarity witl^ social pHetJooena^ 
• in their histof^l devel-o'piS^t^ ' a study of th« xregularity 
in the developinfeot ^f spcl^lS'reia.tions provides 4n accurate 
concept; with efficient it Ic'-Marxist foundation, of the futujse 
cou^s^ of sociA tfievelopment,^ and «alnforces theoretically 
our movement ijoxv&T^, towards: comaunism.* 



. '"Then the, authbr devotes* a nu^«;„ of lines to questions of the 
" historical approach "ip'teaciiiag lainguage, physica, chemistry, biology. 
And f tnallyf^ aftdx all this, he say^s: "In the'^lgelara course for 
grade 10, befor^ introduciijg cotaple:ij numbers. It desirable to. draw 
the pupils' attention Vto ^t% idea of the evolution ctf the concept of 
nmnber and to impart bri^f' historigal material on this question.'''* 

, Here the /fact that pedagogy reg^rds'^the question that interests 
us as curriciuar attracts attention. But, Unfortunately, 'it is not 
...stated in the mathesiatics "curricuia which question^ in the history of 
^ ma themat^a( should be stuciied, where these questions should be placed, 
to v^hat extent they should b^- examined, or approximately how much time 
the teaqhfer should set aside fo^r this. Recommendations on the historical 
approach/in mathematics Reaching can be^ found only in the course 
instrucyioi^for the sacondAry-school acurritula. Here ^re these 
recommendations; 

One draw the pupils' attention: to the great cultural 

/nd historical value of mathematics, t& its role in the study of 
Jther subjects (physics, chemistry, geography, astronomy, 
/drafting, c^tc), its applications in' technology 'and in the 
pr^cticar work of building socialism. It is important tliat 
atteriti^ be ^iven .to^ imparting material on the history of " 
mathematlcs^nd on the life and activity of prominent 
mathematicians (Euclid, Archimedes, Desc^rte^, Euler, Gauss, 
Lobachevs!cii, and others) [67|9]. ^'^ 
t/ius,' the course instructions do not instruct the teacher to a sufficient 
iegree in pjesenting historical master ial ^o pupils. 

Nevertheless, we should take into consideration the recommenda^loiT:' 
of pedagogy, where it is stated directly that the historical app^ach is 



a curricular requirement 



Therefore* if there ^ are no questions of 
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history in the of^ici^l ciirriculup^ then apparently^ th§y can be - 
ifiGluded,,by the teacher' in his- worVing curriculum, * • . , * 

" . , ' ' TW j^Mr^ quotation' from a XQurse in, p^agogy does not di-scuss , 
coixcret>ely^^dfiough'\the way .in ^wMcRl questions of histor^ are presented- 
±n loathematics less6x>$, ^The /quo tat ion states that 'the histioricalu^ »^ 
' . ' approach to the study^of subject; ^irpvides a genuine scholarJ.y knowl-^ 
p' ' edge of this subject.^ Perhaps this is true, but it is difficult to 

exacute this soft of reeoasaend^ation wLtn -respect to mathematics* To . 
implement systemat^ically a historical^ approach in the fiVocess. of the 
. Study of math^c^t icsr -it*, i-s* necessary havp. a reliable textbook o£. ' 
*l ' this At- present there, is- no such text^obk. ^ , . " ' i 

^ . ' 1 . • • Questions of the ftistbrical ' Approach In MgthodD!oglGa3» Literature 

■• • ■ ' . , N,- ■ X.-- ; , ,• . • ■ . ; ■ . 

^ Now l,t interesting to '.observe , how the authors of some of, the tfdrks 

• in mathematics 'inetho^^logy treat' the historical approach\ / 

. * In Methods of Teaching Itephematics by Professor Vi ,M. Bradis, we 

^ ^ Vead : . 'V' ■ ! . - ^ ^ 

Experience in teaching tellfe us with Complete definiteness 
, » ^ ^ that the quality of* vaa&t^y of mathematical mater iaj^^^kes 

essential gains if each new concept, each new proposit^OTTis 
■j» " <* introduced so that a relationship of it with things J^^^ 

. , « already familiar to<^he pupils is apparent and so ;^at the 
expediency of studying it is clear. What is the most 
convincing for ^pils is the justification of each new concept 
^ and proposition tlirough considerations concerning a practical 

^ activity that comes as close as possible to it . . . The 

genetic character of presentation . yields especially goo>d 
results in , the lower grades, biit its use should; be recommended 
in work in the upper grades of school, in ever^ Way;* possible . . • 

The genetic cliaracteir'bf presentat^ion is dgntrasted with the 
axiomatic, in which science is presented in its more complete 
form. It is easiest to insure the genet ic* character -of . 
presentation on the basis of the history of a given branch 
^ * of science, apd theyfeTdW Ch»^ historical elements in matters 
of teaching is of etormous value* It is said, not without 
* reason, that a full mwers^tanding of any theoretical question ■ - 
is attained -only when its history becomes clear. How the 
* lesson wili^' benefit if even brief directions on various circumstances 

related to the history of the question under scrutiny are given ^ V 
during theMes9on--'directions that can be develoj)ed in more 
detail during sessions of the mathematics clubs. The 
^ literature on the history of mathematics is great [17:44-45]. 
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^ In Methods of Teaching Hathfetoatlcs In theu ^ lSe^en-year 'School , < 
edited by S*. "E. Lyapin, it is stated: ^ \ . \' 

^ Alth9ugh t^e majority of tfie acKievemerits ^y, Russian • 
mathematiai^ns are inaccessible to the understanding df pupils - 
•* in gtades 5-7, the pupil^* should st^ll be acqualnte* with the 
biographies of Russian scieAtists, With an' indication of - th^ 
value of their diScoverifes for* world "^sci'ence , In the -upper 
grades the pupils ^should be acquainted yith the works of * 
Rtlssian.mdthemafclciahs that are af;6essible 'toUiem. ' . ' ,/ 

V. ' CWie\can dwell "on the 'following Rus^sian scientifet3 : JL; Eliler 
* a707-1783), N. Lobaohevskli ^793-1856), B, ;W Bynyakovskii 
(1804-18^9), M* V. Ostrogradskii (1801-1861) , /P < I.. Ohebyshe^ - 
/ * •<182l24B94), .A. A/Markov (1856-1922) , 's/,V. KQ^v^levskajra 
(1850-1891), Kfyldv (1863-1945). [53:61]. # 

ThQ book also recommends acquainting pupils with the biographies" 

of cQ^t^m(>orary Russian ^thematician^.: I^^nf. Vinogradov,* S. Sob9lev 

Y'/ X.. Smirnov,' A.- N.^ Kolroogoyov, P. S^/ Aleksandifcbv/ acd others. The 

'^author points out -literature that gj.v^s.ffiuch in^ferasting information on 

the activity of the scientists listed aboye. ^ • ^ . 

In Methods * ot Algebra by Proffessor 1. t. . Chistyakov" if ip^aid: 

Since, for the pupils. Instruction in^a subject i^r , / 
as it were, an abbreviated rellv;Lng of the history of the .develop^- . 
"Vent of the respective science, which occurs under^^ specialist ^ s 
guidance, then it is essential that the leader ^ use-' tlie .lessons , 
^ 't?hat the history of the subject 's evolution provides, ^ . ' ' 

eliminating what ret^rd^d that Evolution, and suggesting'metliods 
that assist its understanding ^i}^^oS|^ess . There follotJs the^ 
necessity for a good-^familiari^jaSi^W^ histpry ofv^ 
mathematics and, in part icula^^, ^f e^^ntary aigebra {22:6]t 

Inti. M. Beskin's Methods of geometry thei^ is no special section . 

on the use of the historical approach in teaching mathaniatic^ , but- the 

entire. first chapter sets forth '*the evolution of views on the foundations 

of' geometry/' Here the possibility of tracing three periods in the 

evolution of these views is discu'ssed: the pre^-Greek (empix;ical) , the 

Greek (intuitive-logical), and t*he, contemporary ^he re geometry i^ 

presented as logit:al system. In the last (fourtSi Section 'of this ^ 

chapter, the author draws pedagogical conclusions cotikLsting in the 

fact that: 

These three periods correspond to those three stages through 
; which every pupil passes if he gets far enoug^^ in the study of 

geometry. The first-^the pre^Greek period—correspo^^ds to geonjetry 
instruction in the lower grades (. . .elements of geometry in the lower 
grades. . .enter into the arithmetic course). . . The systematic course 
in geometry, beginning in grade 6, corresponci^to the second—the 
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Greek—stage. The third — ^^the conteinptfrary— stage is liot * ' 

' reflected. in the secondary school. XBls is tthe step which is^ ^ 

ascended only by tho^e pupils who jchoose matheiaatics as their 

spec^ialty. . Th,e ^ppropViate questions In thp foundations . . ' 

of geometry present gciod matiBri^^or the, work of the ' 

mathematics .circle in tbe higher grades [l2].iil| 

Thus, although the authoi' does not dis&uss directly the historical , . * , 

aplJroacb- in the teacWing of geotnetry,- Ke indicates that in the - * 

process of instrtKrtion the historical stage^^re repeated and that the ' ^ 

educator can draw some lessons froio^, the history of science. . ' ^ 

In the journal^ tiatheiaatics in the ^School there is an art4-clie , . • 

by* A. M. Frenkei* XArzamas)^ "Eleiaents of the Histor^al Approach in 

Mathematics Teaching." In t^is article we read: . - . 

' ^ It iS' scarcely necessary to prove again the immense 

educational vafue pf elements pf the historical approach in " 
teaching any sub^J^fect iri secondary school. For the Soviet' 
teacher this position has become an indisputable truth. . 
Matliematics is a science in whose c teat ion and development one of 
^ the most honorable places belongs to the Russian scientist; 'a 
soience in which an enormous contribution was made by Soviet 
mathe^ma^cians presents broad opportuai|:ties in this respect. 
*And 'it Is entirely proper that the introduction of the * * 
historical element in the school mathematics course is envisaged 
by the course instructions for the working curriculum. The . * 

execution of this reqWrem^t is obligatory for the Soviet 
teacher. * ^ 

The following forms of introduction of the historical 
approach in mathematics teaching can be indicated: ' ' ' 

1. A historical digression at the lesson, discussions . • * ' 
^ ' from 2-3 to 8-10 minutes. ' - 

2. The commuijication of historical material organically 
connected with individual questions of theory or 
with problems^ 

3. Special lessons in the history of mathematics. 

4. Mathematics %fircles (a special history-of-mathematics ^ 
circle can be organized). ^ 

5. Historico-mathematical evenings. 

6. The use of a wall newspaper or the organization 
of a special matheratics newspaper. 

7. Reading in out-of-school hours. 

d. Compositions and essays done at home by the students. ^ 
9. The making of albums and arlmanacs# ' • . 

• 10. Work on collecting *'folk mathematics." - . 

11. Communication by the teacher, or by a pupil who is 
given advance preparation, at a class meeting. 
^ 12. Discussions, lectures, and talks by the teacher 

or by invited ♦scientific workers. ' 
13. The viewing of special ^scientific-historical films, 
• slides, etc . 
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The E^'iTst and basic; form o*f ..Introducing the 'historical ' 
Approach to 'the teaching of matheiaatics is the episodic cominunicaT 
\ion of historical inf arma^ion. The .teaching of mathematics 
ks of every other discipline, si;iould be accou^anied by historical 
digrfessipns, ccnnparisons, and historical problems. This infojrma- ' 
ti^riy aa a rule, should take up little tiiae^ and should not lead ' - 
the pupil* far afield from the immediate interests of the topic 
* , under study. Sometimes it is useful to giva these historical 
^ digressions' in beginning thp covei^ge of subject matter, 
^ sometimes to r^^Late to a definite question gf a topic ♦ lesson; \ 
or evpn problem, and sometimes to the conclusion of a lesfeon. 
This 'info^nnation cani^ometimes be' limited .to a few wgrds, and 
'sometimes thA^history of a question or biographical information ^ • 
on^a mathemaMeian cap be ejucidaffd in greater detail ^27], 

• In the journal Mathematics and Physics in Secondary School , ' ^ ^ 

there i^^ an article by Tsigler, "Elements of the History of Mathematics 

in Secondary School." In it the followirig ideas are expressed-; 

*'*'»■* 
The history of mathematics ^has'an enormous significance 
in teaching mathematics in 'secondary school primarily because of 
*tts educational value. The history of mathematics clarifies 
the mathematician' s" ro|e' and place in human practical activity, , 
as a result of which our pupils ar^ trained to approach properly 
the objects of our mathematical knowledge. ^ But the history^ of 
mathematics has an even greater instructional significance. 
Historical material awaHens ^ love for and an interest In 
the subject^^ a striving for scientific creativity a critical 
attitude toward facts, aijd thoughtfulness. Finally,' the history 
of a question is a key to the understanding of its logical 
essence* What sometimes seems to no purpose, a superfluous a 
detail, acquires logical sense as. soon as its historical developr- 
ment lias b'een made clear. Mathema'tical concepts that seem 
fixed and paralyzed in the present, come to life in the past 
and, in their historical dynamics, become closer to the pupils. 

< But the question arises of how to construct a course in the 

history of mathematics. As an independent subject? As periodic * 
reports on historical information? So that historical features 
^ penetrate the systematic presentation of'^the course, forming 
a single unit with it, as it were? 1 thirtk that the last two 
of these thi;ee possibilities can take place in teaching 
mathematics in secondary school 

The transactions of the scientific-pedagogical conference of 
teachers of Leningrad, entitled The Ideological Education o€ Pupils in 
-the Process of Instruction ,, carry a quite valuable work by Professor 
I. Ya. Depman, *'The Historical Element in Teaching Mathematics in 
Secondary School" [24]." It is true that this work is intended for the 
teacher and is mainly devoted to clarifying how much history of 
mathematics is essential for a teacher.' Nevertheless, so many 
interesting and useful ideas are set forth in Deptaan^s work that it 
is utterly impossible to pass it by. 
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^ / ' T^e author $ays *that the prerevolutibn|i:'y mathematics teacher 
/ had to prove the signifdcan^ for him of t>h& history of mathematic^j ' 
/ . which the late -Prof essor V. V# Bobyiiin.did iri'his time, at the All- ^ 
» / Russiaa conventions. The Soviet mathematics teaclier does not have 
tq 'prove the necessity for knowledge of the History of mathepatics; 
We shall mafce twcf remarks apropos of- this. 
, First, Bobyhin, in his talk at the First Allc-Russian Convention of ' 
Mathematics Teachers, proved not that the iiistory of mathematics is ' 
» * nec*essku5i^for the teacher, but that dt should be 'taught in the secondary ' 
educational establishmenta. * ' ' . 

Sefcond; *Depman ?says tiiat the Soviet teaichgr does ^not need proof 
of the necessity of studying the histoty of mathematics, AlasI The 
teacher, the pedagogical institutions of higher learning, and the state 
Institutions, on whom the, supervision of the t^edagogical institutions 
• of higher learning depends, have a ^hundredfold need for such proof. 

If everyone understands the necessity ^oi knowing the. history of 
' mathematics then what can explain the fact *that the history of mathematic 
is in the background everywhere? ' ^ 

Professor A. !• • Mafushevich^* in a talk at the session of the 
Acadepy of Pedagogical Sciences of the RSFSR in. June, 1949,^ stated 
the following; 

From the course in physics or chemistry, the pupil will 
find out about the most outstanding scientists of our and of^ 
other lands, and about precisely what they introduced into 
science. The material of the course itself ig such that it 
is impossible not to talk about these discoveries and 

' about their authors. It is impossible to gleam similar 
information from the mathematics course. In an\algebra - 
textbook one might re^d one line in small type atkout rthe ^ 
Arabian scientist al-Khowarizmi and not learn tha\ this is the 
gre&t Tajik mathematician, Mohammed, the son of Mu$a of 

/ I<3iware2in. In the first part of a geometry text 'it "is 
solemnly announced in large prititf tha* in 1873 the English 
mathematician Shanks found 707 decimal places for the, number it . 
It might l^ve been added that he did not succeed in \ 
carryj^ng out even this vain enterprise properly: all the 
* places beginning with the 528th are *incorrec t . On the other 

hand, one can read about Lobachevskii only in small print 
at the end of the second pa-rt, where t^e folloying is said, 

^nd I quote^. ^In the first half of the 19th century, the 



*Source not given in the original (Ed,) 
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Russian tnatheii»tici4n and professor of the University -of 
Kazan, Nikolai IVanoVicfi Lobaci^evksii, tjie Hungarian 
iD^thematlciaB Jat^os Bolyai,,a&d the Gertn^ loatheiaatieian ^ 
K^rl^Fredrich *Gauss/e:jcpresseG a bold'^idea'. • . As a ' 
* confirmation of their 'idea /thejI ponstrMcted a new geometry ^ 
^ ' And so 'on, in' the' saise '^^^-^ 

• ^ Such i^' the level sA inf onaation' on the history of 
mathematics that Is^ co*!uriicated by'-oyr school textbooks/ 
' It would be much better if , this 'information* were nat 
there at qll. / • ^ ' ' • . 

In the light at these requirements, the defects in the? ^ 
working curriculu^ are especially viyidly revealed. No 
movement of the i&^t^iematical sciences is present^ in it; 
it provides no^ackground" in which s^ lent if ic-diac over iSs might 
. "ie fihown. ' / * ' , 

- We can drawythe following conclusions from* the works *we have 
examined on matnems^tics methodo, - ^ ' ' ^ 

A cbtuple/e understanding of any question Is attained only when 
it ^ hist orS^ /becomes clear (Bradis) . / ^ 

It ia^useful to acquaint* the pupils with some biographies, of 
'Riissian And Soviet mathematicians in particular <Lyapin) 

i 1/ teaching it is essential to use the^>^sons that are provi4ed 
by thfe history of a subject's evolution (Chistyakov) . * 
5 / In the study of geometry the pupils should pass through those 
8ti4ges that mankind has passed through (Beskin) ♦ 

/ Elements of the kistorical approach "have an enormous educational, 
/ and instructional value (Frenkel'). * ^ 

Historical material' awaits a love for and -a^interest in the * 
subject", a critical attritude towards facts, and thought fulness (Tsigler^. 

We can agree with these conclusions. But objection could b^ 
raised to some points made by th^ese authors. For efKample, sbme 
author© name many di/ferent forms of introducJbig the historical- 
approach into mathematics teaching, which would create an overload. 
^ We believe that the historical approach in mathematics teaching is a 
totally new natter which has arisen in unplanted' ground. Here one 
cannot intimidate the teacher who has'' an abundance of tasks already 
fafCing. him.. It is n^pssary to involve the teacher in this work 
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persistently but deliberately. 
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^' , 2. Qi^stdona of the Historical Approach In ' ^ ^ 

Works on the . History q£ Mathematics ^ ^ . ' 

B. V, Gnedenkb, In the paii^hlet "Bfl^f D£»<:ussions on t^Jie 

Origin and Development of Mathemati^' sayst J " 

The ijsiterest that a teachet succeeds in arousing- in tlie 
pupil has a well-known value for the mastery of* a >subject. In 
tte presentation of the gi^thematics couijse in secondary 
school there are many means tsjj^ aid In maintaining a 
pupll^a heightened Interest in*j:he subject, means that comiiel 
him -to treat teach stage ef the irourse with unabate^ attention. 
"These means might J?e a felicitous c^ice of problems, 
beautiSully executed sketchp^'or a vividly distingui'shed ' 
applied and \:ognitive impoPtatrce of the iivforination that is 
imparted. - . v ^ / ' * v^-^^^ ' . 

W^>wish'^t-o dwell l^ Tja, on .a method that att^ain^'its objective^ 
at * all stages of instruction— rbrief digressions intt) the history 
of science. The history of mathematics is t^e richest source 
for these observations, digres^ojis, a^mparisons, disci|ssions , 

. th^ seiectUon of problems for exercises and f or .illuscrating . 

* the exposition of theb^, Digijegsidns into the histcj;ry of 

science are the more a^Ptbjprlate as they assist greattlj^ in 

Improving the general cultural level of CTre^>vpils and awaken 

them'^to a knowledge not only of ^what has becoriie the oEHect of 

historical treatises, but 'also of what is cliaracterist\c of 

modern science [33:3]. 

1 ^ ' 

Iri the preface to G. P. Boev's bodkt Discussions on the History 

of Mathematics » Professor V. L. Goncharov wrote: ^ 

At present it can be regarded as universally recognized 
- that the teaching of mathematics is not at its proper level if 
it is unaccompanied by the communication of h^^storical informa-- 
• tion that clarifies the general cultural significance of the 

question being, considered. Teaching the history of mathematics, 
^ as such, in secondary school is, of course, -out of the 
question, and therefore it remains for the teacher to use his 
opportunities during teaching itself,, or apart from it, to^make 
a historical digression. One cannot overestimate the value 
of these digressions, not only in a general^educational sense, 
but as an excellent means for enlivening the Instructloai 
and r|ising the pupils' interest as well. However, hist orical 
digr|||sions present particular difficulty for the ordinary 
teacher, who cioes not have at his disposal exceptional 
fund of knowledge of the history of science, culture, and * 
technology; if he wishes to give thk pupils proper' and accurate . 
information, he inevitably has tq^ turn to rarely accessible 
and overly cumbersome sources just to read a necessary page or 
to find a few necessary lines, r^oreover, teaching, as it is 
currently practised, does not ^ive enough attention to 
elements .of the historical approach' in mathematics lesson^ and 
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ha^ not established any 'tradition in this inatter. The value . 
of 'such a manual for the teacher is therefore clpar — a /manual 
that would, on the one hand, permit >im to g6t the necessary 
references and «7ould,'on the other hand, svi^gest the idea" to him 
f of using' certain -features in teaching for historical 'digressions— ^ ' 

•' ' ' . ^ ' ■. ' -j'^ ' ■ ■ . ' 

Professor 'G. ?• Aoe'v says, in his book, Discissions on the History 
' of Mathematlcfs : ^ 

* The introdflction. of elements of tlj^ history ofl mathematics 
. Ipto the school mathematics^ course can have two oajecti^fes: 

S^cquainting pupils with basic facts in the history of ^science, ^ 
a notion of whishv^makes iip an essential part a genial feduca- * 
t ion, . and' raising the pupils'^ lntex;est in the feurricular 
•taaterial. In ihe end, ^the secondary-^scjibol graduate shqu^-d • . 
"^Kave a rough conceptiqn of how^^he 'sum*t3f knowledge that is 
called mathematics was obtained , by mankind, of what compel^/ 
• • § matheraat-iclan to press forward, and Or the kind of-' . ^ , 
difficulties that hav6 been overcome along the way. 

* A basic difficulty in executing the historical approach \^ . ^ 

in mathematicSs teaching is that mathematics did not develop 
historically in the same order as It is presented in the ^ * 
systematic cours^iin secondary school. The method'of imparting 
historical* material to thfe pupfls in connection with indl^^^ldual 
quest^i'ons of the -curriculum as these questions are covered 

* should servfe as a way out of this difficulty*. Returns to the 
same liistorical epoch and ^ome anticipation are thus inevitable. 

'For example, in sevent-h grade, during the study of the unit on 
< first^degree equations, it should te mentioned that simultang£»usly 

with first-decree equatft>i)s there develope'd the theoiry of equations 
of the second, then of -the third and fourth, decree. Not 
0nly iai such anticipation not dangerous, it is useful^ since 
it giVes the pupils a perspective for their studies. The 
teacher will return to the history of equations for a second : 
time apropos of ^ quadratic equations in grade 8 and. apropos of 
binomial equations in grade 10 ♦ 

Another dlf ficyilty in methods is the 'difficulty pupils have 
in understanding the dialectic aspect of the historical develop- 
ment of science. The pupil in* grades 5-7 tends to .conceivfe of 
history in an oversimplified way, demanding explicit answers 
to such quest ions.as: V?ho was the first to solve quadratic 
equations? When was the ntoiberir found? Taking 'into account 
^the psychological features of each age group, the teacher should 
permit a certain sketchiness in' history in the lower grades and 
then should gradually depart from that sketchiness anS reveal 
before the pi^pils' gaze a picture of the contradictions, delusions, 
and interlacings in the patlis along which the development of 
. mathematical knowledge has proceeded. Of co.urse, facts from 
the history of mathematics must be given, so far as possible, 
against a background of the general characteristics of the 
respective epock^ 
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Finally, tliere is one taore serious diff iculty' vin 
effecting the liCstorical approach in the elementary Mathematics^ 
course. This di04.ciilty is the rjonel^nentary* nature of the 
probleias of mathematics /that. ^have niade up the front of its ^ 
deveiopment throughout histor^. Notions! of the profound 
^ vcoii^ection between mathematics and astronomji and, consequently, 

of' the Se\?elopment of spherical ^trigonometry, of the great *H 
, algebraic discoveries during the Renaissance, 'of the* 17(?h century' 
discovery of trhe analysis of inf initejy^small quantities as s 
V^a language of ipechanip^,* of tlje o;>*^u of probability theory -fend ^, 

its subsequent role^n^he natural sciences, of the great I9t^ 
^ centftry discovery — LoSSc4ievski^ ^geometry— all th^se should come 

within t1\e sco^^e of secondary education. The teacher is obligetJ* . * 
. •* to i:ouc\i upon a^. these eleu^nts . in §ome place in discussions 
* " his£ory, but the discussions on these topics shoxxid be of a 
d^sc:siptive nature *and should I'iveri only eletaentany; popular 
' iT&*i^on^ off the appropriate mai^e;mai^ical concepts [\^];» . ' ^ 

in the ptif^ce. tg G, Vileitner- s book,' How Modern Mathematics ' 

Was Bom , the followiitg is "stated: • . • » 

Almost every instructor, as-^well as ajmost every pupil, 
now knows tloat one can fully understand science in its modern 
form onlt when 'one knows its history. 'This demand to understand 
how basic scientific ideas and methods arose is felt particularly 
keenly duning the 'transition to new provinces of science devoted 
. " to distincrive methods that are new t0 the. pupil and that 

sometimes .require strained- thinking .of him (especially at first), 
llow it was possible to reach such a depth of thought? How could 
such complex idja'as arise 300 years ago? Why and how did these , 
nyrmerous curves, integrals, and differentials ^ppear? These 
are questions that everyone who begins a study of higher mathematics 
inevitably asks himself • , | ' jt^ . 

But ij is not only the search for answer is Uq- these questions 
that induces the pupil to turn to a book on t^e history of 
mathematics* He also hopes to understancl, with its aid, 
the^true sense of abstract reasoning and of formal conclusions^ 
However, disappointment usually awaits him here.^. It turns out 
that, to read books in the history of mathemat icS[.y-a knowledge 
^ J of mathematics itself , in Its contemporary form is essential, but 
.these books are often so .laden with petty factual, material of 
'a chronological, bibliographical, and even. simply of an 
1^ archival nature that it is almost ' Impossible to u^e them for 
"clarifying the most essential, typical features of^the history 
of the d^elopment of basic mathematical ideas and methods [82] . 

I, Tropfke, in his History of Elementary Mathematics in' a^ Systematic 

Exposition says: 

The high value of historical investigaticms ini^sclence 

in general, and in particular th^ importanceiOf impacting . 

-historical information in teaching mathemat^s, are so universally 

recognize^d thaf it would be quite unnecessary to enlarge on this 

in detail * . In our elementary mathematics textbooks, 

* 
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\ m unforttinately, a place is seldom^ provided for historical * . 

material, ^ Only a few of j<he newest^ manuals follow' ^ ^ 
Bal^tser's example, which ds worthy of iattation. The 
author would have been suf f iciently reward^^ for his work' if 
the abundant material he presented had introduced certain 
changes in this respect; it is for this purpose, that he has most 
\ willingly set aside' the resiilt^of his labor • It coul^ b^ . 

considered 'a success and thejf( &ome if tke numerous ^ ^ 

. in^cfcurate,.tut , unfortunately^ too firmly rooted names 

finally disappeared from teaqhing — for example, diophailtine 
eqyations, -Cardan's formula, ^he golden section, thu lunes- ^ 
of 'iy.ppoc rates, fiudde's method^ th^ Gau^s plane, and many others — 
/ and if- the latest acdutate explafialiions. . .would supplant the 
/ inace^urate ones that are the , favorites of everyone [72i Vol. il, ' 
Part I, Preface], * . ^ ^-^ . 

l^ftn.G.^. Popov's* book^ glst'o^y of Kat^ematlcs ^ &62]^ * there is 

,a sect^sn called "The .Jiecessity of Studying .the, History of ^Science 

and the Use of T^ii^ Study.*' Here the author advances a number, of 

♦ arguments in favor of the necessity of studying the hlstbry/of 

mathematics. He expresses many interesting ideas, but *they are of 

value for teachers who are working creatively in the realm of nifethematics, 

and not for the teacher in the schools. 

V. P. Sheremetevskli uses^^as an epigraph to his Es^^ays on the 
History of Mathematics [68] , the idea of the linguist A. Schleicher, . 
"If we' do not know about how something was generated, , we do not under- 
stand it, ",and a quotation from the well-known mathematics historian, 
P. Tannery, ^'History by no means l^as as its only goal the satisfaction 
of vain curiosity:, tba study of the past should ultimately throw 
light on the future." 

We v;an draw the following conclusions from oui^ examination of 
works in th^ histoiry of mathematics. ; 

The interest that the teacher is able to arouse iji his pupils has 
a great significance ■ for the mstery of a subject. Brief digressions 
into the histo/y of science belVng among the methods that are capable 
'of arousing interest. Historical '^digress icons'' are all thq more . 
appropriate in that they assist greatly in raising the pupils* 
general cultural level (Gnedenko). 

Mathematics teaching is not at its proper Iqvel if, it is not ^ 
accompanied by the communication of historical material that will 
' clarify the general cultural value of the question undet consideration 

(Goncharov) . • • 

^ i • ' * 
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posed distinctly at the first All-Russian Convention of Ma thematic 
Teacli^rs (Decamber 11, 1911"-January 3, 1912) • At the general meet:^^ 
of the convention, an address was^ given by Bobynin, on the topic, 
"Objectives^ Foms, and Means of Introdttcing Historical .Elements into 
the S'ftCQjjdary-Schopl Mathamatics Course." 

As is evident from the title, Bobjmin clearly understood howthis 
problem must be posed; he saw that one cksttiot speak of the historical 
approach in mathematics teaching without mdicating "objectives," 
and that, after defining the objective, tpe forms of introducing 
historical elements in teaching should be discussed. 

Wliat objectives does Bobynin suggest in his address? First, he 
points tout that in the general public, mathematics is often seen as 
a usele'ss science, that not only persons remote from edu<?5^ion but e^^en 
educators of fame — Kapterev, for example — express the ^lo^tion that *'in 
the school general-education course there is not sufficient basis for 
making mathematics compulsory for everyone: it is too abstract and 
remote from life, too difficult for many," Finally, Sobynin points 
out that even such* a person of world reno^ as L. N. Tolstoi "regards 
the sciences, including mathematics, as endless trifling, because 
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Elements of history In- th^ mathematics course can ^pursue two 
objectives: ' acquainting the pupils with baadc facts of the histoijy of 
science and raising the pupils* interest in^the currlcular material 
«(Boev)« « . • . ' ♦ 

One can fully understand science in its contex(»Drary^ form only 
when one knows its history (Vileltner); * ' • ^ - 

One can becbme oriented amon^ the- numerous, ramifications of 

# science only whei^one Icnows how the main currents of scifentiflc 
thought, arose". ■ In *f ollowing the history ^of science, -it is important 
to be perpuaded of the indissoluble bond between its development * 

* and the progress in scientific achievements in other provinces of - . , 
knowledge (Sheremetevskii) • , ^ ' 

.3. Questions of the Historical Apiiroach at ^he All-Russlan 
Conventions ^of Mathematics Teachers ^ 

\ ' The question of elements of history En teaching mathematics, as 
we mentioned above, is not new. In this century the question was J 



* ■ . • » 

there Is a beglxming and an end to work but there can be ho end to 
t ' ■ 

'^trifling" (from Bobynin^s addrfess at the 12th Convention of Jlusslan 

naturalists and physicians)* ^ ^ 

The speaker further said that pupils often have doubts about the 

usefvilness of mathematics. * V 

* Among pupils the question of the usefulness of matnemati(;s 
, arises when it arose in all l&ankind, that is, after the'; \' ^ 

transition ftom lessons 1^ the practical art of calculation 
^ • and in ^measuring elementary geometric distance to the stv^y 
of theoretical geometry and qf the elements of theoretical 
arithmetic ^and algebra ... Up^until this transition thtre 
was no >oom 'f or doubt ab^out the value or usefulness cf 
mathematics, since everyday life e^erience, as, well as the 
selection of •problems, has shpwn the pupils its praetijciality ^ 
% After this transition, the -previous clarity of the value and 
usefulness of mathematics gave place to complete vagueness^ no^: 
only for the secondary -school pupil but for such minds as 
that of Socrates and many other philosophers as well. « 

In their tfme*, teachers and authors of textbooks have discussed 

the usefulness of mthematics,^but without enough success. Bobimin 

pointed out that instead of all this, '^to achieve an influence on 

pupils at least concrete examples borrowed from the 'History of 

Mathematical Sciences' should be set in the direction under .cons Iderar 

tion." This, in Bobynin's opinion, is the first and the chief goal 

0 

of teaching* the history of mathematics in the school. ^ 

The second goal consists in -the fact that "in the secondary- 

^M^hool mathemtics course there are articles that, within the present 

organization of teaching, ^ not only come to the pupils with difficulty 

In elementary study, but for most of them secondary schooling remains 

irfsuf f iciently and superficially mastered." As an example Bobynin 

cites articles (for arithmetic) devoted to systems of numervation 

(primarily the decimal), their laws and applications, and in geometry — 

the Axse of the method of- exhausting the, ancients' codifications of' that 

method. Deepening the pupils* understanding of these subjects to a 

sufficient extent is' possible only by a familiarization with the history 

of their development. ^ . ^ 

Thus principal attention should be paid, in the first of 
the cited instances, to the histpry of the development of ^ ' 
the systems of numeration and of their' applications, the 
chief among which are verbal and written numerations,^ and in the 
second instance, to the presentation of the most characteristic 
and example-laden methods of exhausting the mathenlatical litera- 
ture of anclet\t Greece.,. 

* i 
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#A!l^pKs one -ofl the forma of use f nine s^vhlch pupfiB caij 
:lt-4Wn the^*ljitrMuctiSfKof*hl4(tQr^ elements intb 



■ elicit -^IW? the^*ljitrbdikti^fKof*Til4tQrical elements intb / ^ 

mathematics teaching jiK^ec4l|Jfc^ S^hool>, one ^should point ^ 
ou^^ the bonds betweetf tTie^hraivldua], ifarf.B^f elementary^ ^ 
mathe^tics ajft€l real' i^ges produced Isy the personalities of 
scientists ^d by historic^ facts', as w^l as between the 
' spiritual ideas from ♦the pro^i'ncfe of logic Sxid phllospphy. , 

This connection's,.* is a powerful means^of fortifying ,in 'the * * 
pd^Tl^* memory the content of the elemeiitary;lha'£Eemati|is- thirt \ 
has been ^^ught to them. . . ^ % ' , * ' Ik 

Bobyninv was' of the op-inion that histori?^l ^element s can be^ V 
^'^introduced into ^ matheii^tics' t^ching in\^l?oncia^^ schc|oi in one^ 4>*f^ ^ 



two way^: * systematic form or else in an "^pj^sodic st\idy of t^^Tiistory 

of elementar.y mathematics. • ' * v . ' 

In the Tiiscussions over Bobyni^p' S aSdres's, various aspert^ of '^l^'^'^ 

issue he had posed w&re elucidated. Among the participants ward 

fervent adherents, to the historical apprcfffth, and spokesmen of a liiore^^ 

moderate turn of mind* In particular, the following ' ideas were 

expressed: the history of ma^^hemapics cannot be^ regarded as a univer^l 

rememdy for all ills; at wh^t age a pupil should approach eleioents of , / 

the history of mathematics must be iitdicatei^ it is useful to study / / 

V - > ' f 

the biographies of outstanding mathematicians; it is better 50 introducla 

tha history of mathe^ttcs as a separate st;bject and not to incltide 

it in the mathematics course, iil order not to divide the pupils' 

attention; the essay method of acquainting pupils with the hlstor]^ 

of mathecatics .should be used; it|is useful to recommA^ wQrks in 

the history of mathematics to the pupils for out-8f--cla\f«r^ead4.ng ; * 

some elementary and more detl^iled books on the history of mathematics 

musy be published. * ^ • ^ . ^ 

More thfin forty years have passed since Bobynif^^^3ti*;^ss at the 

'first convention. During this time great social' changes and ve^ 

significant progress have taken place people ' s cojxsciousness . Now 

it is impossible to find persons who do not believe in matheinatics or 

who. do not k^ow about it* Therefore, in the second half of the • 

20th century, Bobynin' s first and strongest argument for using ^he 

historical approach in school mathematics teaching has fallen away. ^ 

In our day, if an occasional pupil shows-a skeptical attitude toward 

mathematics, the modern teacher does not follow the deviou^ paths^ 
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tHe historical approach', but he cites the coimtlesi examples of 
^tl^e application of mathematics in physics, chemistry, astroppmy, 
technology, an4 in all forms of human productive activity. 

^ Questions of the Hi^storical Approach in 

Matheinatics Teaching in the' ' Modern S|:age ^ 



One of the main reasons that elements of . the history of 



A 



mathematics find their way into the, school with^Such difficulty is 
tho' circumstance that quite general, rathet than .concrete*, arguments 
are often expressed on this topic. V 

- It seeiBS' to us that thera^,,are three groups of historical . . 

' - c;^uestions that can a ^la6e in the school instruction. ^ ? 

* Historfc^ information related to curricular questlorfs of^ 

Taathematigs . The curric^um in malft^aatics for secondary sthool undergoes 
» some changes almost annually, and it can undergo a great oscillation ^ 

over a century. But these changes most often concern details^ and canpot 
be radical as to change the aspect of school mathematics ^oot 
anci branch. The elements of arithpietic, elementary algebra, elementary 
^feometry, and trigonometry are included in the school mathematics 
curriculum. To this can be added the modest material from analytic 
geometry and mathematical analysis, cohering approximately 80-100 hours. 
Historical information that is related to these substantially settled 
questions of mathematics can^be taught in the school. 

B. Histor^icfil information related to the development of mathematics 
in our country . The ^mathematical facts that can be discussed here ^ 

^^^re related to the^Jjigher realms of mathematics and, as a riile, exceed 
the bounds of the school curriculum. Here mathematical facts related 
^ to the 19th and 20th centuries are chiefly taken into consideration. 

C. Biographies of prominent ma themat Iclans . 
Let us examine each of thefee j^t^nces. 

iy,storical Information Related to ^^Currjjiular Questions of Math e matics 

In the sources we examined above, the aims of introducing the 
historical elenjent into school xaathematics instruction are not always 
distinctly indicated. Sonie authors do not indicate thesV aiiAs at all. 
T,ropfke [72] is among £hem. We cannot treat his^ statements with ^ ^ 

complete confidence. He says that there is no need to demonstrate the . 
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uB^fulness of historical lufor^tkon in. mathematics teaming* On 
the other hand, Simon [69]^an edutator vho is no less well-known 
In Germany, declares that teaching the history of mathematics , in 
German schools is "In the background." It4N^eems to us that the state ^ * 
d£ affairs cannot be such that everyone understands the necessity of 
^ the historical approach in mathexoatics teaching and at the sas^ time 
this historical approach cannot carve its way into the schools • 

We believe ttiat the main task of every author who writes on this 
topic consists in formulating the aims of introducing the historical 
element into mathematics Instruction, Under *th^^e conditions th^^ 
.teacher will find time both to acquaint himself with the history of 
mathematics and to devote attention to it in mathematics lessons. 
These aims are piiesented to us in the following form. 
. 1. The history .of mathematics sljould indicate the reasons why 
the mathematical facts, concepts, and methods that are studied in school, 
arose. Mathematics develops its theses by proceedings from objective 
reality, and then it cements the selected jf&cts \y means of/^oglc, but ^ 
by Itself, it cannot indicate the, reasons why certain constr^icts arose. 

2. The history of mathematics should indicate the goals that the 

« creators of the mathematical science were striving for when they * 
Introduced a certain fact or studied a certain mathematical phenomenon* 
'This circumstance also escapes the f^ld of vision of mathematics 
Itself and can be reflected only in Its history. 

3. When it is a matter of some mathematical phenomenon which 
covering some time, changed,, developed, pr passed from t)ne form to 
another, these facts can' be examined only in a historical aspect. 

4. The study of the history of mathematics has (if we may ao 

express it) a methodological value. This i4^^ understood in 

the following manner. Let us imagine that I w^nt to present a 

• mathematical question to pupils. How can this be done? One can even - 

' , ■• - 

think of a nonelementary question, because elementary questions are 

i 

presented in textbooks, and tihe way to present them is clear. Therefore 
let us take a question of a higher order. Suppose I wish to prove the 
transcendence of the number e^. This proof is found in various books — 
in particular, in Klein's book [42] where It occupies seven pages and 
is conducted according to Hllbert. In an encyclopedia of elementary ^ 
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mathematics by Weber and W^llstein [88] six i5^es wera set aside for 
this proof. ' The prgof occurs in -a little tfooklet by Drinfield,* where 
it occupies four and a half pagas. But. thd first proof of this ti:uth 
was given in 1873 by tlermite and occupied significantly more space. 

The question arises: 'What will methodology say apropos of using 
Gne proof or another? The first proof (Hermite's) is the "long^t," 
but it is also the most natural. As you read it, it is as if you are 
•present in. a scientist ' s laboratory. But such a proof, precisely by 
virtue 'of its volume, does not g6t*lnto textbooks, which give preference 
to short proofs. 'In textbooks, second, third — in short, later — proofs 
ari^^ited, which are nay^ easier to find, as soon. as, the first proof 
has been found'. 

' vThus, from a pedagogical point of view the first proof is more ^ 
valuable, but it does not get into an official textbook, which ^s always 
bound by the number of hours allocated for the topic in the curriculum. 
Th^, in answering the; question posed above on^how to present a new 
topic with methodologilal expediency, we should say; it ought to be 
learned from history^ It is necessary to see how this topic wa§ 
elaborated by pione^relin it, what way they us^ to reach definitive ^ 
results. Of course, this path is thorny ^nd not the shortest, but 
it is the most natural and the most instructive. The school, as 
a rule, is not in a condition to follow such a path, but i|f can 
venture, in certain especially impo!t-tant instances, to use this methods 

We deliberately took as an example a question that goes beyond 
the limits of the school cui^ri^lum, and we did not use any theorem 
from the elementary course in .geometry. It would have been hard for 
us to pursue these arguments wi<h respect to the theorem on the sum 
of the squates of the diagonals of a parallelogra^fi, for example, be^zause 
the elementary geometry studied in secondary school was created ^1 
at once, so to speak, by the genius of Euclid^at least, that is^ the , 
impression bne gets). 

Thus, the everyday presentation of minor mathematical theorems can 
be carried out in the textbook, using the second, thir^, perhags even 
the tenth groofs, but in presenting inaj or questions, large-scale problems, 



*Source not given in the original (Ed.)- 

109 



^It l8 useful to. turn to th^ history of mathexoatlcs. There.ve aometlmes 
meet unrigorous and insufficiently polished arguments, which are s 
instructive in many respects, ho^j^ver, They show how searches for the 
truth proceed, not along-'^aa^ even road, but. on the contrary-#-through 
tortuo.us paths#,/and that even a genius does not create Instantarieously, 
and that the truths that are now cotmnon property evoked doubts, 
hestiation, and distrust in their day, 

5. The history of mathensatics i^ 4>att of the history^ of culture, 
and in this sense the study of it has the.san^ object as the study of m 
the history of eulture^ *That is, it acquaints a person with the facts • 
of the cultural life of mankind and it shows the stages to which people 
have* risen alowly, over a millennium, before they reached their present 
condition, ' , 

The elements of the historical approach in mathematics teaching 
are essential primarily for mathematics itself. 3ut, in addition, they 
'are essential for widening our pupil *s horizon, for raising his cultural ^ 
level. When exam^^n&d from this aspe<^t,'the "elements of the historical 
approach" constitute part of the history of culture and therefore cannot 
be presented in isolation from that history. But, "for the mathematics 
teacher to be able to preset the history of ^Iture easily and 
freely, he should be trained in this himself. He should be trained in' 
this by the part icular -fit yle of, work of the pedagogical institutes. 
This style^ by the way, should exclude '^asy, superficial reading of 
random, cheap, empty books. On the contrary, from the first year to the 
last it should be characterized by a study, against a background of the, ^ 
history of culture, of the monuments of world literature, architecture, 
^ . sculpture, painting, music, technology, ett. An educator thus trained 
will be able not only to teach matheniatics but to, show the pupils its 
general cultural significance as well. 

. At the same time, we should make one stipulation. A mathematics 
teacher who is already established must not be treated too unmercifi^ly . 
One must take into account the indisputable fact that the pursuit of 
fhe mathematical sciences over many years leaves *a definite mark on 
^ a person — he has, we might pay, worked out a particular, style of behavior 
and thought. We might describe this style as deductive. In inviting 
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our mathematician to switch over to' the historical, we nevertl^eless 
compel him to renounce the style of work he is used to. 

/■' 

' The fact is that the method of presenting facts, like the one used 
in history, often scares away our mathematics teacher, who Is trained 
in Euclid, In mathematics he is accustomed to, the logical method, and 
in history (even if it is history of mathematics) he should use the 
historical method. 

The historical method is characterized by a study of events in a 
definite sequence, and therefore chronology acquirea considerable 
significance heye. .The historical method links each event with 'a ^ 
definite place (localization), and therefore it is impossible to study 
the history of mathematics without a geographical map and^without 
imparting the geographical information to which a given mathematical 
phenomenon is related. 

' Certain persons , inevitably participate in the historical process. 
AccordiSkigly, the study of the history of mathematics presupposes a 
familiarity with the biographies of some historical personalities. The 
historical method can be characterized as inductive, since history has 
as its subject tl^ study and description of facts that took place at 
a definite time^a^nd in a definite place. All this is, to a certain ' 
extent?, alien to thfe mathematician, who resorts mainly to the method 
of deduction in his ^rk. Nevertheless t'hese quite necessary aims, which 
we haye formulated above, should be fulfilled because only under these 
conditions do we extend the conten^t of the information .that constitutes 
the subject^ of md'thematics. ^ ^ 

^ * • 

The presentation of historical information cannot be diverted from 
ihe study of mathematics Itself; it is set forth either before the study 
of a definite topic, or afterwards, but not separately from it. In 
the school there is no subject called history of mathematics, but there 
are individual historical discussions, lasting from 5 to 30 minutes. 
We think that a real history of mathematics might ,be taught in the 
school, but, this is a luxury that no curriculum could bear. 

Consequently, it is a question of organically blending mathematics 
and its history. Apparently, it should proceed* in this w^y: the teacher 
presents some pieces of information, and then explains how they arosQ* 
It Is clear that this cannot be done in every lesson. If the pupils 
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are spending a number of lessons studying Operations on algebra;|.c 
fractions, or the solution of first-degree equations, or operations On 
radicals, the historical information is not imparted in every lessen, 
but ojxce after a number of lessons, when generalizing or revie^j^lxig. i 
We have already said that historical information can even be ^Uxparted \ 
before studying a definite topic. ' ^ ^ ; 

Historical Information Related to Extracurricular Questions of >la thematic^ 
It is no secret to anyone that the mathematics created in hoary | 
antiquity is what is studied in school. This is clear. It is true ^| 
^ with respect to arit^etic and geometry. As for algebra," we encpfqnter ' | 
facts of a later origin. However, these facts almost never go beyond j ' 
the 17th century. We must remember that^he limitation of matheiuatics 
to such remote information is utterly insufficient for a sel:ondary- 
school mathematics education. At present the person who completes 
secondary school cannot manage without the concept of a function, 
without a knowledge. of the elements of analytic geometry, or the ideas of 
the analysis of Infinitely small quantities. We do not doubt 
that in the next few years the mathematics of the 17th century will 
penetrate the secondary school, but matters will not go farther than 
this date* The mathemtics of the 19th centruy cannot be studied in 
school: there is not time for it, and now it is becoming a specialty, 
not a subject for general education. 

However, teachers often tell the children in school about the ^y 
achievements of mathematics in the 19th and even in the 20th centuries. 
How do they do it? What do they relate it to? * 

The historical information imparted by a teacher in connection with, 
say, the study of equations of higher degrees or of logarithms, should 
'illuminate these questions from a historical, rather than a T^ical , 
point of view. In connection with this the names of Abel, Galois, 
Napier, Burgi, Stifel, and others will appear. But to introduce any 
20th century mathematician in this way is rather difficult for the 
simple reason that he has not studied the questions of school mathematics. 

Here we must find a different way* ^ finishing secondary school, 
the. pupil should be familiar with the progress in science, technology, 
and the arts in the country of which he is a citizen. The mathematics 
teacher cannot accomplish this task alone; all the specialiBts, working 
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In secondary school-^physlclstSf chemists, historians, biologists, 
geographers, etc. — should solve It through combined efforts. They 
should allot among, themselves the information on tl^hlstory of 
culture in our land and should teach It to the chil^en. 

How and when can this be done? ' ' ' 

l^e feel that it wcHild be possible, for example, beginning with, 
grade 7» to arrange annually, over four years, two discussions on 
questions in the history of cultur^ and . mathematdcs In our land. 
Material for these discussions can be found In Gnedenko*s book. Essays 
on the History of Mathemtics In Russia [34] . One can use the other . 
boqks (they are rare, to be sure) that are cited in the accouqsanying 
list of literature. 

But in conducting these lecture-discussions it is not enough to 
read one or two books on the history of mathematics. The lecturer 
should first describe the epoch, preparing the backgroimd out of which 
certain mathematical facts arose. He must thus become acquainted 
with the historical and socioeconomic literature. 

But a basic difficulty la not how to find literature on a given 

question but how to present nonelementary things in a popnlar form 

to the pupils. Let us restrict ourselves to just^one example. If 

a teacher wished to tell his pupils about M» V. Ostrogradskii, it would 

be senseless to say that he, was concerned with' the calculus of variations, 

but it could be said that he worked in...<3^ province of algebra and 

the theory of -number s.uALt should be pointed out that Osttogradskii was 

not studying the algebra th^t is learned in school, nor the arithmetic 

that is set forth in a standard textbook, but was concerned with higher 

branches of both disciplines. It becomes clear that arithmetic as a 

science d*es not terminate in Bixth grade, nor Is algebra terminated 

in tenth grade of secondary school. 

Bi ographies of P rominent Mathematicians 

^ ) 

In presenting individual facts from the history of mathematics, 
one mxxsU of course, give various names (Euclid, Archimedes, Heron, 
Newton, Lobachevskli, Descartes, Napier, and others). In mentioning ^ 
these namess the birth- and death-dates and nationality are cited • In 
a few cases two or three more sentences are added about the work of the 
given ma'theipatician, about his pj-ace of residence, or about his 
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/^thematical 'interests. All of this is the sort of information that 
almost never stick/'ln pupils' memqries^ 3ut in mny schools (mainly 
V during extracurricular time) more eac^en^ive biographical information 
^ is given to the pupils. An acquaint artpe.iwlth such inf onaationSshows that ^ 

it usually does not go beyond the bound^.OfXbiographical particulars, 
f This means that not only are the dates of^fcitt;h and death given, but 
the educational institutions from which a matheAatician graduated, 
the institutions in which he served, and the ^ear^ in wh±th his most r 
important works came out are' indicated. \ r 

No special §oal is set for imparting this iiii£Qrmation, and since 
there is no goal, there is no clarity with respect to what to consider 
important and what to consider not worth mentioning a person's 
^ biography. f \. ■ 

What considerations should guide t^he educator in the ^study of 
biography? The mentors of the rising generation have alway^ used the 
y-biographies of great per sons for educational purposes. For this^ brilliant, 
\ prominent, extraordinary — rather than ordinary — personalitias hkve b^en 
chosen. This is understandable. The school, in training the risi*ng - 
generation, should confront the pupil with great tasks and high goals, 
should form social ideals^ ^or only under these conditions will it 
fulfill its purpose. .\ 

The school in our time places before its pupils the ideal of a 
thoroughly educated, trained person of high moral character, an active 
builder of communist society. On account of this, it Is^advisable 
to show that at different times and In different countries, personalities 
appeare^d who stood^head and shoulders above their environment, who 
sometimes per foniidA deeds that were incomprehensible to their contemporaries 
and who were evaluated only many years later, aft^r their death, persons 
who lived in the name of science, sometimes renouncing private life, 
money, glory, every external advantage, and working all their lives in 
the name of the welfare of mankind. ^ 

Clearly, the biographies we are speaking of should be detailed.^ 
This means not one or two pages, but at least a booklet of 3-5 printer's 
sheets, ttow and when can they be studied and how much 1:>iography can 
be given to our pupil? We feel that It is not within his pqwers to 
study more than two biographies a year. When there are a few copies 
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of a biography, they can be given to the pupils for preliminary reading, 
at home, tl;ien a separate hour can. be set aside for collective examina*- 
tdon of ^at has been read. If there is a single copy of a biography, 
it can be narrated either by the teacher himself or by a pupil who is 
good at speakings (after suitable preparation). It would be good if 
all the pupils would start a notebook on, each biography and would fill 
it up with their extracts. " " 

One cannot read in earnest the biography of a great man at the so- 
called mathematical evenings, where theatrical productions are arranged, 
various tricks are shown, and even dances are organized. At these 
evenings there is no room for serious, sincere, and reflective work, 

5 . Historical Information of a Curricular Nature 

In composing this aection, we used P, Boev*s book. Discussions 
on the History of Mathematics [l5]. 

We have already said that at present it would be premature to 
require the teacher to construct mathematics teaching on historical 
bases. Such a requirement would be beyond his strength. But one 
cannot relinquish the elements of th^ historical approach in teaching. 
We should, move forward with each year. What this means was discussed 
above. Let us briefly repeat our ideas: it means that a ^staff of 
teachers who know the history of mathematics well^^^&htJulih^be trained in 
the pedagogical Institutes, more books on the history of mathematics 
should be issued for teachers and pupils, and historical information should, 
be instilled in mathematics textbooks and in methodological literature. 
But at the same time, without waiting for the .results of these measures, 
one should introduce elements of the historical approach into mathematics 
teaching in small. doses, from time to time. 

We indicate below jtist what materials should be imparted, and 
when it should be imparted, to pupils in the study of mathematics. 
We assume that some simple material from the history of culture, in 
a form accessible to children. Is imparted in the first four grades. .' * 
Not 'wishing to encumber our exposition, we shall not touch on this 
information, and we therefore begin with what it would be useful to 
present in secondary and upper grades. 
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Lat us cite a model list of historical discussions, 

Ai^thii^tic 

!• The decicial system of enumeration. 

* 2. Priioe numbers* 

3. Decimal fractions. 

« 

Algebr^^ 

. 1. Historical ^introductioh to algebra. 

2.. Negative nuniers . 

3 3. First-degree equations • 

4. "i^quations of second and higher degrees, 

5. Logarithms. 

6. Functions and graphs. 

7. Development of studies of number 

.1 Geometry 

1. ^IJistorical introduction to geometry, 

2.. Trisectlon of an angle. 

3» Pythagoras and his time. 

4. Squaring the circle. 

5. Euclid's fifth postulate. 

6. Duplication of a cube, 

7. Conic sections. 



8. Euclid/ s Elements. The foundations of geometry and 
other ways in which geometry developed after Euclid. * 

Trigonometry 

1. Historical introduction to trigonometry. 

2. Develppment of modem trigonometry. 

On the following pages we shall give explanations for each 



topic. ^ 
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Topic: The "decliaal system of numeration. 

Time of presentation: In grade 5, afte^ a review of the decimal system 
of enumeration. . * 

Literature: t9, 10, 83]. 

Content of topic: Roman numeral^s. Slavic numerals* Various systems 
of enumeration. Evolution of numerals. Auxiliary means of 
calculation (abacus). Large nuni^ers with the Greek mathematician 
(Archimedes) and in Old Russia. The role of the Hindus. in 
creating the decimal system. The penetration of Hindu numerals 
'i^to Russia^ 

Topic: Prime^ numbers. 

Time of presentation: \^ In grade 5,, during the study of the divisibility 



^ of numbers. 



Literature: [23, 34]. 



J f 



Content of topic: Mathematicians were occupied with the stiiJ^y of primej 
in ancient times. First, it was interesting and of course 
important to solve the quest>on of whether it is possible, by 
gradually going over the set of \atural numbers, to reach the 
H^^atest prime number, after Whict ojily certain composites occur. 

Euclid studied this question \^300 B. C.) and established that 
jthe number of primes is infinite. 

After Euclid, the mathematician and geographer Eratqsthenes 
(275-194 Cp) studied the question o'f the search for primes. 
He set himself the task of singling out the primes from the set 
of natural numbers. His method consists in first all numbers 
divisible by 2, except 2 - x, being cut off from the set of, 
natural nuniers from 2 to a, then all numbers divisibls by 3, 
except 3 - X, then all numbers divisible by 5, by 7, by 11, etc. 
(Eratosthenes' sieve). 
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The French mathematician^ Pierre Fermat, proposed that the 

formula a* 2^ +1 should yield the primd numbers. This hypothesis 

... • ' 

was refuted by L. Euler, who proved that wlien n • 5, the formula 
yields a number divisible by 641. 

In the 19th century the question of the nature of the 
^ distribution of primes was studied by many mathematicians, but 
P. L, Chebyshev (1821--1894) achieved especially significant results 
in this area. 



Topic: Decimal fractions. • * . 

Time of presentation: After covering ordinary fractions* and before 
the study of decinmls. ^ ' 

Literature: [l5, 21, 23, 72]. 

Content of topic: Basic attention in this discussion should be devoted 

to showing that deci^l fractions were a true blessing for mankind, 

because they made calculations easier, 

tn the study of a course in decimals, the 
teacher *s chief goal should be for the pupils to 
arrive Qonsciously at the inevitable conclusion * 
that decimals are much easier than ordinary 
fractions in the method of their notation and 
for performing operations with them. In this 
respect decimal fractions have had no luck in 
school: pupils are firmly convinced that ordinary 
fractions are much 'better* and easier than 
decimals — this antipathy to decimals then remains 
the whole life long.' For example, the English 
writer Jerome K. Jerome writes, in his Diary o£ a 
Pilgrimage ; 'From Ghent we J^eft for Bruges, where 
X found pleasure :^n throwing a stone at a statue 
of Slmo^Stevn, who tormented me a great deal In ^ 
school", as he invented decimal fractions [28], 

In presenting this question, the Uzbek mathematician and 

/ . astronomer, al-Kashi (15th century), Christoff Rudolf f von Jauer 

(16thv century) , ^and the Flemish (Belgian) engineer, Simon Steyin 

(1548-1620) are mentioned. 
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.Topic! Historical introduction to algebra. ) « 

Time of presentation: In grade 6, before the study of algebra. 
Literature; [21, 47, 68, 73, 82, 83]. 

Content of topic: For every beginner in the study of algebra, the 

question naturally arises of what algebra is and of what he will 
' be learning in this science. 

The school algebra course is primarily a continuation of 
arithmetic, ^' This means the following: in arithjaetic, integers 
and fractions and operations with them have already been studied. 
Still otheri kinds of numbers ^ill be studied in algebra? after 
integers and fractions, first, negative numbers will be studied, 
then other kln<|s of numbers. As in arithii^tic, we shall study 
operations on these new numbers: at first the saise four operaStions 
examined in arithmetic—addition, subtraction, multiplicat±on, and 
division— then still other operations. 

Here is the sense in which school algebra is a continuation 
of arithmetic — it studies numbers and oper^MQps with them. 

Equatipns are the next and at the same time the central 
question of algebra. Elementary notions of them can be given 
to the pupils by showing equations of the type x + 10 ■* 15, 
which are familiar to them f rom ariths^tic . Histcrrical material 
on equations will be given later, after familiarization with them. 

Here one should touch on the matter of letter designation, 
the modern letter notation wag the resuJLt of a long historical 
development. Three stages can be traced: a) rhetorical algebra, 
b) syncopated, and c) symbolic. 

In presenting the topic, Diophantus, Mohammed ibn Musa^ 
al-Khowarizml, Luca Pacioli, Cardan, Stifel, Vieta, Girard, 
C Descartes, and Wallis can be named among the scientists. 
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Topic: Negative nujnbers. 

Tine of presentation: In gra^de 6, during the 'study of negative numbers. 
Literatures [21, 4S] . ' 

Content of topic: The gradual penetration of mathematics by negative 
numbers. The attitude of the Greek mathematicians toward them. 
The role of the Hindus. The views of Homanmied ibn Musa al-Khowarizmi. 
Negative numbers among the algebraists of the 16th .century ^ 
Luca Pacioll, Tartaglia. Stifel's establishment of the "rule of 
signs." Vieta's attitude toward negative numbers. The significance 
of the work of R. Descartes for consolidating negative nuinbers in 
mathematics'. Girard's geometric interpretation of the negative 
roots of an equation. 

Topic: First-degree equations. 

Time of presentation: After composing first-degree equations, before 
passing on to systems of equations. 

Literature: [l5, 23, 47, 68]. 

Content of topicj Problems tliat lead to f irs|?^egree equations were 

known to the Egyptians. In the "Rhind Papyrus," written approximately 
1700 years B. C. by Ahmes, there is a section devoted to the 
''calculation of piles." Methods of solving these problems. 
Problems on equations in a second-century collection, known under 
the title of the Palatine Apolojgia , Diophantus* "Arithmetical - 
as a significant step forward in the province of solution of 
equations. The appearance around 820 of a treatise on' "algebra" by 
Muhaianed ibn Musa al-Khowarizmi and the features of that treatise. 
Omar Khayyais and his algebraic works. Features of Leonardo ? ^ 

Fib^)nacci'*8 work. Liber Abaci (1202). 
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Topic: Equations of aecoud and higher degrees. 

Time of presentation: In §rades 8-10 in connection With the study of 
the appropriate sections of the curriculum. \ 

Literature: [l5/21, 68, 73, 74, 83, 88l. 

Corrtent of topic: Information on equations above the first degree, 
up to the time of Diophantus, The quadratic equations of ' 
D^-ophantus. The quadratic equations o&Muahmmed^ibn Musa 



al-^aw^izmi. The role of Omar Khayyam. Subsequent development 
of the theory of solving quadratic equations (StifelJ, Vieta) . 
Solving , equations of the third and fourth degree (Fe 
Cardan, and^ Ferrari) , Subsequent development of the theory of ^ '^^..^ 
solving equations of higher degree (Gauss, Ruffini, Abel, Galois). 



Topic: Logarithms. - - ^ 

Time of presentation: In grade 9 during the study of logarithms. 
Literature: [l]. ' ^ 

Content of topic: The first attempts at simplifying calculations with 

the aid of the co^nposition .of progressions in the 16th century (Stif el) . 
^ The tables of Bu3?gi and Kepler. The invention of logarithms by 
Napier. Napier^ s method of calculating tabl,es. Briggs and his 
^rk in simplifying the system of logarithms. The latest tables 
of logarithms with a various number of decimal places. The 
calculation. of logarithms>tth the aid of a logarithmic series. 
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Topic: FtMictlons and graphs. ^ 

Tini6 of presentation: The. pupils should be familiarised witfh the 
proposed material during their entire stay in school. 

titeratures [41, 55, 8l]* ^ i. 



Content of topics ^ In the exposition of this topic it is useful to 

dwell on the various forms of functionld relationship. It is * 
important to note the idea of the graphic representation of functions. 
Among the scientists, one can name: Galileo, Newton, Leibnig, 
• / Fermat, Descartes, Euler, Lpbachevskii, and, depending on 
circumstances, some 19th century mathematicians. 

Topic: Development of studies of numbe||j|^ ^ 

Time^of presentation: In grade 10, in .connection with the review of 

m ■ ■ 

algebra. * ^ - 

'Literature: [48, 81, 84]. J . 

. f ^ ■ 

Content, of^ toffle; During their stay in school the pupils h^Ve already 

become acquainted with natural, fractlonaJ, negative, and irrational. 

numbers. Now, when the level of their mathematical development 

* has attained its highest peak, a survey can be made of concepts 

familiar to them, but so to speak, from a higher point of view* 

This will be the last ^historical discussion in algebra, and in it 

the instructor can allow himself to make broader ^generalizations, 

without fearing that the pupils will not ui^^ierstand him. In 

presenting the question pf complex nun4)ers, the teacher c^an 

derive supplec^ntary information from Simon book [69], in 

Chapter V, "The Didactics of Arithmetic and Algebra," the section 

on "The History of Complex Numbers.** 
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Tppic: 'Historical^ introduction to geometry* 

Time of presentation: Grade 6, before the study of the geooetry cours? 
Literature: [l5, 46]. * 

Content of topic: Geotnetry in Ancient Efcrpt. JTke practical nature of 
Egyptian geometry^ The rolie of geometry in land-surveying and in 

4 

^ the construction of various buildingsy The nature^ of Egyptian 
mathenBtics, The geometry of the Babylonians. Its origin in 
practical activity. Geometric' design. Diyisipn of a circle 
into 5 equal parts and determining the side of a regular inscribed 
hexagon. »The first Greek geometers— Thales and Pytt^ggoras. ^The 
possible, influence of Egyptian and Babylonian geometers on them. 



Topic: Tris^ction of an angle. 

Time of presentation: In grade 7 (a^ the end of the course), y 
Literature: [49, '68, 73]. 

Content of topic : The problem oi dividing an angle into 3 equal parts ' 
with the aid of a con5?ass and straightedge i^ related. to a number 
of famous geometric problems of antiquity. Atteonpts at solving 
this problem date from the oldest times. The Pythagoreans kc^w 
a particular case of this problem — the division of a right angle 

^ into three equaj. parts. Hippias of Elis apparently was one of • 
the first mathematic\ans to. study the solution to this problem. 
' According to the evidence of Proclus, he iblm^ a partictdar curve 
(the quadratrix), with the help of johich the problem could not 
be solved. ' The san^ Proclus s^ys that Nicpmedes divld^ an angle 
into three equal parts with the aid of the conchoid. Pappus ok 
Alexandria points out two more solutions^to'^is problem. In 
modem times, Descartes studied the trisection of an angle. 
Besides Descartes, the solution to the^ problem was studied by 
Newton, Clairaut, Schall. 
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Topic: Pythagoras and his time. 

Time of presentation: In grade 8, Muring the study of the metric 
correlations In a triangle and a circle. 

Literature: flS, 21, 68, 73].* 

Th^ characteristics of the epoch can be found in history 
courses. An exposition of Pythagprean teaching can be ^f ound in 
* detailed courses in the history of philosophy. * 

Content of topic: Historico-biographical data on Pythagoras. Particulars 
of the Pythagorean brotherhood. The Pythagoreans * work in geometty.^ 
Their arithmetical works. Thei-r discoveries concerning physics 
(laws of the vibration of strings) and astronomy (the daily 
• revolution of the earth). - . 



Topic: Squaring the circle. 

Time of presentation: In grade 9, during the study of the area of a 

circle. | . 

** ' ... 

Literature: [l5, 49v 64, 73]. 

Content of topic: this problem is related to the famous problems of 
^ antlquit3<r On Plutarch's evidence, even Anaxagoras studied the^ 
solution of this problem. The same problem interested Hippocrates 
of Chios, Antlphon's attempts. The use of th4< quadratices of 
Dinostratus and Nicomedes^ * Solution of the problem by Archjmedes. 
The words of the Hindus. * Later authors who s,tudied the solution 
of the problem: Leonardo Fibonacci, Adriaen Metius, Ludolf van 
Ceulen, Huygens. The work of Lengendre and Lindemann. 



ERIC 



139 

/ 



Topic: Euclid's fifth ppstulate. ^ 

Time of presentation: In grade 9, before beg^.nning solid geometry. «»• 
Literatures, [88]. 

Content of topic J The Greeks' postulate of parallel lines. Proclus' 
information about the att^empts at proof. The Arabs' postulata- 
of parallel lines in the Renaissance and in the 17th century 
(Clavius, Borelli, Wallis). Forerunners of non-Euclidean geometry." 
Saccheri, Lambert, D'Alembert , De Morgan, Laplace, Legendre, Bolyai. 
The creation of non- Euclidean geoiaetry. N.* I. Lobachevskii . ^ 



Topic: Duplication of a cube. 

Time of presentation: , In grade 10, during the study of the volumes 
of *polyhedra. 

Literature: [49, 68, 73]. 

Ctffltent of topic: The problem of- duplicating a cube (or the Delian Problem) 
belongs among the famous geometric problems of antiquity. Hypotheses 
concerning the origin o"f this problem. ^ First attemps at solution 
by Hippocrates. Solution of the problem by Archytas of Tarentum. 
The method proposed by Menaechmus.. . Among the ancient mathema^ians , 
Apollonlus and Diodes studied the solution of this problem, and 
among later ones — Vieta, Descartes, Newton, and others. 



Topic: Conic sections. , * 

Time of presentation: In grade 10, during the study of solid geometry. 
Literature: [68, .73.. .81, 82]. 

• .1 
Content of topic: The theory of conic sections prior to Apoilonius. The 
conic sections of Apollonlus. Properties of the conic sections 
discovered by Apollonlus. Focal properties of conic sections. Pola* 
' . properties. The subsequent application of cdnic sections: the • 
trajectory of a projectile, orbits of planets, and others. 

er|c - . ^'iO 



Topic: Euclid's "Elements." The foundations of geometu^r and other 
ways in which geometry developed after ?uclid. 

4 * . ■ 

Time of presentation; The final discussion in grade J^O* (>v 
Litera^tijre^ [25, 88]* . 

Content of* topic: The discussion is^^tTie fr^l one. Three questions 
can be touched on in it. First, the pupils can become familiar 
(quite briefly, of course) with the co^tent of Euclid '.s 
"Elements," Second, if the pupils*' mathematical preparation 
permits, they can become familiar .(quite briefly) with modem 
constructions according to Hilbert. Third, to give the pupils 
an opportunity to feel the perspectives of the subsequent develop 
ment of goein^try, they -can be given a few wo^ds on the history of 
the development of projective or des<;riptive geometry • 



Topic: Historical introduction to trigonometry. * . . 

Time of presentation:'^ In grade 9, before the study of the systematic 
course in trigonometry. 

Literature: [21, 73, 74]. 

Content of topic: Table of the chords of Hippatchus, The connection 
between astronomy and trigonometry. The tables of Ptolemy. 
The words of the Hindus in trigonometry. * The works of the 
Central Asian scientists (Abu'l-«Wefa). 
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Topic: Development of modern trigonometry. 

Time of presentation: At the end of the first ^quarter of grade 10. 

- Literature: [15, 21, 73, 74, 81], 

Content of topics Some trigonometric, facts were established in 

antiquity, As' was indicated aljgye, the first tables of chords 
were composed by Hippfiarchus in the second ^centruy B, €• Trigonometry 
takes on a more modern form almost 15 centuries later. First, 
the merits of Johaim Muller (1436-1476), bom in Konigsberg and 
known under the pseudonym of Regiomontanus, Should be mentioned 
here. The Englishman, Bradward'ine, can be named among his 



predecessors, Vieta (17th century) deduced a series of formulas 
in trigonometry. Besides the persons mentioned, many prominent 
mathematicians worked in the field of trigonometry: Napier, 
Pothenot, and Euler, *The German mathematician Mollweide, whose 
name is connected with formulas that are familiar to the pupils, 
can also be cited. Furtliermore, J. Bernoulli, De Moivre, and 
Lambert contributed to the. progress of trigonometry. Euler can be 
regarded as the founder of the modern teachings on trigonometric 
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formulas. 
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6 • Historical Material of an Extracurricular Nature 

We have observed that the historical information that belongs 
to the ciirricular material is presented together with this material. 
Historical information related to mathematics \«^ich does not enter 
into the school curriculum has other goals and cannot be presented 
in the scheme in -which curriciilar. questions are considered* 

The inf oriuation we are discussing in this section can be considered 
in connection with familiarizing pupils with the history of culture 
in our land. In order to impart to the .pupils some information on the 
history of mathematics in our country ,^ the teacher should not only 
read sojne books on the history of mathematics in Russia but should 
become acquainted, first and foremost, with civic history and the 
history of culture. This, of course, involves an expenditure of extra 
time, the selection of literature, and the mastering of a method of 
historical exposition that is unusual for a mathematician./ 

We have said^^that discussions on the history of culture in our 
landshoul* be held in school not oftener than roughly twice a year, 
according to a definite, previously outlined .plan. It is not hard to 
make such a plan, if one sticks to the division into periods which 
has taken shape in history. . The circumstande that the first discussions 
on the hf-story of culture will be held in fifth grade, and the last in 
tenth, is most important, oedagogically , Consequently, there should 
be an enormous difference M^png the^e discussions. In fifth gradei 
the children have a quite limited stock of historical information, a 
poor vocabi^ry,^ and. weak skills in thinking logically. ^Therefore ,the 



information cxl^v^ above should be given to them in a maximally 
intei;Llgib3^ |prm. The teacher has to do a great deal of work in 
order to bring material from a book closer to the. understanding of fifth 
graders. In the upper grades, the teacher should gradually make his 
discussions more complex, approaching a lecture style in grade 10, 
although in fifth grade an unbroken discussion covering 40-50 minutes 
would be tiresome. ^ \. ^ 
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7^ The Study of Biographies 

It was stated earlier that the study of biographies h^s an 
instructional value. The work of studying biographies, we feel, 
should be divided among the school teachers according to their specialti&s. 

Which biographies do we recommend for study? ^ It is difficult 
to answer this question for a number reason^. In particular, our 
recoxmnendatlon might be impracticable if the biography section of a 
school *s library is very poorly represented. Then the teacher must use 
the biographies which he has near at hand. 

In section 5 we recommended familiarizing pupils with the s^cientists 
of various epochs. This is useful 'in that pupils who become acquaintea 
with a person' 6 biography obtain information about the epoch in which 
that person lived and worked. It should be made a rvde that a/person's 
biography cannot be divorced from historical and geographical co^dttions. 

Without trying to impose our v^ews on the teacher, we shall citev 
a sample list of names whose biographies m;Lght be dwelt upon in school. . 

^Euclid (300 C.) Biographical information about him is axtremeXy IK^ 
scanty, but we give this name because an entire epoch is connected 
with it. Some information on Euclid can be found in courses in the 
history of matheuBtics^d the history of culture. Vygodskii [85] provides 
some biographical' information in his article on Euclid's Elements , 
In the presentation of this topic particular attention should be paid 
to the characteristics of the epoch — the flowering of the sciences in ' 
Alexandria in the epoch of the Ptolemies (the library, the* museum, . 
and academy of Alexandria), ^ 

Archimedes (287-212 B, C.) Euclldsahd Archimedes were close to 
each other in date. In discussing Archimedes, we wish to stress the 
difference between these great mathematicians of antiquity. Euclid was, 
so to speak, a theoretician "in science. As for Archimedes, engineering 
or technological work (speaking in modern language) attracted him Ito 
a significaxjt extent. There is literature about Archimedes. Besides 
biographical information in books on the history of mathematics, 
individual works can be cited [31, 38], 

Ptolemy (87-168). Very little is known about his life. In 
presenting this topic, attention should be paid to the characteristics 
of the epoch and a survey of the works of Ptolemy. Hi s^ main works: 
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the Almagest (the Arabic distortion of t^^e author's original title) » the 
Planetary Hypothesis , and the Risings of the Stars , Reference Tables , ^ 
One can read about him in books on the history of mathematics, for 
example, Fatstsari [26], Tseiten [73], Shereirctevskii [68], and others. 
According to the evidence of Proclus, Ptolemy made an "^t tempt to prove 
Euclid's fifth postulate. Ptolemy's geocentric system lasted up to 
Copernicus. 

Brahma gupta (598-660). We are nainlng Brahmagupta because we 
feel that a. discussion about the nature and achelvements of Ind|an 
mathematics can be developed around this name. The names Aryabhata 
and Bhaskara can be mentioned in this discussion. One can read, about 
Ii^^ian nia thematic s in Tseiten's book [73]. ni^h material on the geometry 
of the Hindus can be found in Schall*s history of geometry,* 

Mohammed ibn Musa al-Khowarizml (820). Biograptiical information 

about him is extremely scanty. But it is very detirable to dwell on 

his activity, since the very term "algebra** originates in his works. 

i 

Literature can Jpe cited: [23, 26, 47, 68, 73] and Essays in the History 
of Mathematics by Popov [6l] . Mohammed ' s personality should be shown 
against a historical background. The rple of the Arabic language should 
be pointed out. 

Nasir ed-dln (1200-^1274)1 An astronomer and geometer, he directed _ 
the observatory In Maraga and wrote in Arabic. In presenting this 
topic, a nt^ber of mathematicians of different nationalities, who 
also wrote in Arabic, can be named. In the -historical scheme, the 
Arabs tole in spreading and coimsenting upon Greek authors should be 
discussed. The works of Naslr ed-d^n embrace almost all branches of * 
human knowledge. The translated Euclid, accompanying the translation 
with commentaries, and Archimedes into Arabic. There 13 an article by 
B. A. RoEenfel'd in Historico-Mathematical Research ,^ issue IV. 

I^eo na rd o ^ flbonac c i (13th century) and Luca Facioli (1445-1514). 
— rWe -ftaae- ^ o ge t h e i> • t h e s e^-H^ t- h ema t i <^j:an s ,— who--ay e - separ^^ed-l>y more than 
^ t|two, centuries. They are little known to the geneml public, but they 
•;^hav^ a great significance in the history of mat'hematics. We dare 
sayi that, by not Referring to them, we would permit a gap of almost 



*No source given in the original (Ed.). 
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400 years In the history of fisathematicsi One can read about 
^ Leonardo Fibonacci (Pisano) in Tseit^^s book [73]. There is much^ 
information on Luca Pacioli in volume I of History of Scientific 
Literature in Modem Languages [60]. 

Isaac Nevton (1643-1727). The literature on Newton is ^bstantial. 
Of the old editions we can cite the.Pavlenkov biography and these books: 
Vavilov, Isaac Newton [SO] ; Marakuev^ Newton , His Life and Works [54] ; 
and Kudryavtsev, Issac Newton . For the 300th Anniversary of Newton ^8 
Birth . A Collection for the Tercentenary of his Birth [45] . An ' 
indfex to the' literature can be found in A. P. Yushkevich» Soviet 
Anniversary Literature on Newton [ 90] . 

, Gaspard Monge (1746-1818). In coimection with the bicentennial 
of his birth, the USSR Academy of/Sciences issued a collection of 
articles [70]. In addition, Starosel^skaya-Nikitina's book can be 
, ' cited. Essa ys on the History of Science arid Technology in the Period 
of the French Bourgeods Revolution , ,1789-1794 [7l]. 

Gaspard Monge was of the men who introduced the metric system 

and was a member of the commission of five, which was formed by the 

t 

National Convention in 1790. . 

LeonVii Filippovich Magnltskii (1669-1739). Biographical informatio 
about Magnitskii is extremely scanty. On account of this it is 
useful to acquaint pupils with his ''Arithmetic. Since this 'book -is 
a bibliographical rarity, Baranov's book. The Arithmetic of Magnitskii [7], 
which is an exact reproduction of the original can be used* This book 
was published in 1914. Only a siaall part of Magnitskii^s arithjnetic, 
up to the division^ whole number^, appe^fed in Baranov's book, but 
an introduction in the book presents biographical information on 
Magnitskii, In addition, we can cite Galanin [ 30] and Section 4 of 
Gnedenko's book- [34]. In the elaboration of this topic, the epoch 
of reform under Peter I should be pointed out^ 
■ , Leonard Euler (A-707^1783) . Biographical information on..Euler can 

be found in Gnedenko's book [34]. In the old edition of Pavlenkov 
there is a biography of Euler, The. following sources can be cited: 
Krylov, Leonard Euler [44] and Luzin, '^Euler" [52]. 
, Nikolai Ivanovlch Lobachevskll (1793-1856) . From the literature 

on Lobachevskll should first cite Materials for the Biography of 
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N. I. Lobachevskll > In general, there is rich literature both on 

Lobachevskii and on the non-Euclidean geometry 'he created [3> 37^^ 

39, 40]. A series of books was Issued for the centennial of the 

« 

discovery of nop- Euclidean geometry [65: Vol, 2» 3> 4]. 

Pafnutii LWovich Chebyshev (182^-1894) is the most prominent 
mathematician of the 19th century, p the closest to ua in time. *One 
can read about him in Prudnikov* s book T63], In^Molodshil ' s article , 
^ [58], or Ginzburg's article . [32]. There is a biography of Chebyshev 
in the first edition of his works, 

8. The History of Mathematics in Extracurricular Lessons 

In extracurricular lessons there are more opportxmlties to study 
the history of mathematics than In class. But extracurricular work, 
for all of its positive qualities, is fraught with one danger, which 
* is that it is possible unwittingly to overburden the pupils with 
numerous variants of this work and of preparation for it. There is a 
danger that extracurricular work could turn into an end in Itself ^ 
and xould eclipse (at least, in the student ^s budgeting of his time) 
the .class work. 

Thexlass work should take first place both in the "amount of time 
explrided and in proportion. A secondary, and "thus quite modest place 
should be given to extracurricular work, and %his work should by 
no means burden the pupil, nor should it dem^^' a considerable 
expenditure o^^lme from him, ^These can be rather rare lessons, 
short in duratioHy Apparently, these assignments should be in the form 
of matliematics club classes. 

^ In the programs for these classes, published in i^35 by the 
Administration of Elementary and Secondary Schools of tlie People's 
Commissariat of Education of the RSFSR, it is pointed out that 

mathematics clubs can be of two kinds: 1) clubs of a mass nature, 
the tasks of which are to i:aise the mathematical culture ai^id 
Interest in mathematics among the pupils, to cause individual pupils' 
inclinations for the ^akthematlcal disciplines to be manifested, or to 
replenish and extend the pupils' knowledge in the elementary mathematics 
, course; and"" 2) clubs for a limited nuniber of pupils, the task of "which 
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is to aid in the Requisition of more extei)^ve knowledge on 
individual topics by more gifted pupils or by those who have special 
interests in mathematics and technology. 

In their Ie3s9ns in the mathematics club, the pupils .acquire; 

a) knowledge in those tranches of xaathematics that do not 
enter into the secondary school curriculusa and cannot be studied with 
the methods of elementary iiiathematics; 

bi skill in reading independently a mathematics book of varying 
difficiuty on the varying level of their mathematical development; 

c) skill in choosing, abstracting, and systematizing mathematical 
material; 

d) skill in presenting their ideas coherently on questions of 
mathematics, in lecture-form — written or draX Cin circl,es for the upper 
grades); 

e) skill in applying mathematical knowledge in practical life. 
A place in the mathematics club can always, be granted to the 

history of mathematics and the study of biographies. The history of 
mathematics is useful because it does not divert the pupils' t^hought 
from Tliathematics. In it the same equations,* radicals, functions, 
logarithms, areas, constructions, and problems are discussed with 
which the pupil has become fairi^liar during his class lessons. When 
.he meets material that has been covered, this time in a historical 
scheme, the pupil reviews and reinforces that material. 

Thus, „ lessons in the history o^^mathei^atics c^ take a high --priority 
in the programs of the mathematics clul)S> y^^h cannot be said of other 
topics dn the pr6gram for extracurricular lessons. For example, it 
is clear on many counts tlia^t dramatizations of sham-mathematical topics 
are ari^^nged in the schools. In a great many schools, pupils perform 
on stage "the arithmetic lesson" from Fonviain's comedy N ed orosl ' 
(The Young Hopeful), and this dramatization ''is certain to be connected 
with the mathematical evenings. But what relationship to mathematics 
does this scene have? Wliat is instructive about it, from a mathematical 
point of view? If the pupils wish ta have amusement or to show off 
their acting skill,, they can either play Nedorosl' entire on the school 
stage or sfelect certain acts from it, but to put forward the afore.- 
mentioned "lesson" as a mathematical number for a school evening is 
intolerable. 
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We wanted to show by this example that except ionai scrupulousness 
Is needed in the choice of the questions that would be d'esirable and 
useful for preset Ibg to children during extracurricular lessons. 

Taking ^ocal conditions into account, the teacher should decide' 
the question of the form of the historical lessons (a jtoiry by the 
teacher^ lectures by the students, readings aloud, and so forth). 
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OVERCC^ING STUDENTS' ERRORS IN THE INDEPENDENT 

pi 

solution' of arithmetic PROBLQl^ 
Oi T. Bochkovjskaya* 

Counaon mistakes made by students in solving cfertain categories 
of problems have been inentloned in print matty times. These mistal^s 
persist in the solving of simple problems of the second level of 
difficulty — to which we shall for the time being relegate problems 
connected with the concepts of difference and ratio — , and in problems 
of the third level of difficulty — by which We shall mean problems 
in findiag unknown components of the arithmetical operations * 
and problems whose content corresponds to the content of second- 
level problems, but whose relationships are ndt expressed in direct 
form. Students make a significant number of errors doing complex 
problems whose component elements are the simple problems mentioned ^ 
above, . 

The causes of these mistakes have been established. To solve 
a problem,, one must 'under s1:and the diverse relationsTiips and de- 
pendencies that comprise , the substance of it. That is, analytic- 
synthetic mental activity takes place in problem solving. Under- 
development of this activity, brought about by the system tinder s 
which problems are worked out, causes students to make .mistakes 
when they are solving problems by themselves. A fallacious system 
for worlilng on problems is to use analysis and S3mthesis separately 
and to underestimate the importance of encouraging the students' 
intellectual activeness and independence. 

' Raising the level of students' skills and eliminating their 
mistakes in solving problems on their own is possible under a system 
that is free of the defects mentioned. This system must satisfy 
several conditlons^"^^ 



*0f the Leningrad Municipal Institute for Teacher Improveuient . 
Published in Reports [D oklady ] of the Academy of PedagoRical Sciences 
of the RSFSR , 1960, Vol. I, pp. 23-26. Translated by Linda Norwood. 
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First Condition 

An axpedleut order of Introducing problems Is needed. This 
order ahould talce Into consldei^tlon the dlff IpuXtles determine^ 
by the mathematical content and structure of the problem, and use 
data^ from psychology to mark, the way to overcome the difficulties 
arising In mastering problem solving. Furthermore, the broad gap 
between the introduction of certain kinds, of problems needs to be 
ellqiinated. 

From this* standpoint, there is ho Justification for putting 
certain kinds of simple problems of ^ to the second and even the third 
year of instruction. The calculaMon methods used in first grade 
in studying the operations give the pupils their first notion of 
finding both an unknown addend C^How much must be added to 7 to get 
10?") and an unknown subtrahend. 

Even ^ividing objects into equal groups (by conteat) is crucially 
important to perceiving correctly the. first division into "iaqual part^ 
Any pre-schooler can divide objects into equal groups without trouble, 
whereas dividing objects into equal pai^s requites mastery of the 
division technique. In otder to divide a certain number o£ objects 
into, say, three equal parts, it is necessary to take'' ^ group oX 
three objects each time and distribute them one a^ a time. If, 
however ,* each object is taken one at a time from the whole group 
of objects to be distributed, a mistake is j^eVitable because one 
does^ not always remember in which '^small group" to put the, object. 
And the second stage of division into equal parts under the heading 
of 'Verbal operations" is difficult without recourse to equal groups, 
of which the dividend is composed. 

Our observations indicate that it is expedient to use division 
of objects into equal groups to prepare for division intq equal 
parts, postponing the solution of divlBjion^-by- content problems/ 
insofar as it consists of two logical links. This sequence eliminates « 
the gap between the two kinds of division and precludes the difficulties 
in mastering division by content that are continually ohse;fved in , 
schools from the moment division by content is put off until second 
grade. 
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Eliminating the wide gap in familiar iasation with problems whose 
cbnj;ent'is a single concept with different unknowns or differently 
expressed relationships helps children to form precise ideas of the ^ 
meaning of a problem and of an arithmetical operation, and helps , 
them to surmountr tJie mistakes mentioned above* 

Second Condition 

The arrangement and order of problem work should utilize the 

m 

opportunity of spurring the mind to action. This opportiinity should 
be utilized to effect the second condition of a rational system of 
problem solving, which consists of systematically developing the 
students* mental analytic-synthetic activity and furthering their 
Independent search for problem solutions. 

In this plan, the first addition problems (finding the sum of - 
two nufl^ers), where the children's pre-school experience has paved 
the way for £hoosing operations, serve as a basis fors understanding 
problems in which a number is increased by several units. Addition 
problems <.finding'^#^um) anii subtraction problems (finding a remainder) 
are the basis for und erst and i,ng problsas in which one mus^ find the 
unknown components of these operations. Problems that include the 
concept of a difference and ratio (increasing and decreasing numbers 
by several units and increasing and decreasing them several times, 
where the connection ia expressed directly) precede and are compared 
with the same problems, but with the relationship expressed indirectly. 
Simple problems of all categories form the basis for the corresponding 
complex ones and must precede them. Problems with fewer operations ^ 
prepare the students for solving problems with more operations; 
problems with small numbers prepare them £o? problems using units of 
measure; problems with a directly worded relation prepare them for 
problems with a more difficult wording. 

To develop the students' mental activity, the teacher's considered 
use of Visual aids and questions is extremely important. Thus, in 
disclosing the concept of difference, one must not be limited to the 
visual perception of two groups of objects differing in number. Such 
a comparison, though ensuring a correct answer ,^ ' ; 
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does XkQt lead to an understanding of the particular features of t;hl8 
problem group and does not guarantee that the choice of the numerical 
data for doing the arithmetical operation will be correct* Com- 
prehension* can be ensured only by actual doing, when the pupil takes 
a portion of the -objects away from the total number ifot example, / 
three saucers from five) • * 

In developing proper conceptions of how quantities are related . 
and how the elements of a problfem are connected, it is no less 
important to prevent mistaken connections and generalizations, as 
well as^ to remove any possibility of extending relationships that 
are meaningful only for a limited number of problems to a larger 
group J3f problems. This could be said of the verbal stereotype that 
is used in analyzing problems: "To f Ind. out . • ^we need to know...," 
^hich causes difficulty in applying the analysis method to solving 
problems in which a relationship is expressed in a complicated way. 

Formation of this stereotype can be prevented by a series of 
exercises consisting of systematically varied questions ^bout the / 
same data, as well as different data with the same question. Such 
exercises proq^ote flexible and mobile' comprehension of relationships 
and lead to a formulation uniting the three factor^ used in solving 
problems:/ the question, the number data, and the arithmetical 
operation^. Basically, this formulation pould be expressed like this: 
"To answer the problim's question, knowing sUch-and-such, add or 
subtract, etc." or; "Knowing such-and-such, we can obtain the answer 
to the problem^ s question by addition... ." Such a statement 
' precludes separation of analysis from synthesis and still temoves 
the qbstacles that usually arise when one attempts to use analysis 
separately from sjngikthesis to solve problems composed pf simple 
problems of the third level of difficulty. Furthermore, when 
analysis and synthesis are no longer used separately, the habit 
of ^selecting arithmetical operations on the Ijasis of the entire-, 
condition of the probletfi is developed. 

J 

Third Condition ^ - ^ ' 

Of no less importance in a system of teaching problem solving, 
is the development of self-reliance of the students in the problem- 
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solving process. Observance of the first two conditions without 
the third is no guarantee that problem-solving skill will be developed. 
Spirited activity by ever^ PUpil, which is expressed initially by 
his industriously imitating the teacher and which gradually becomes 
creative self-reli^ce, Is iti indispensable condition for a system 
of problem work, the aim of which is to improve the quaj.ity of 
problem-solving skills and to root out the mistakes students make 
when they solve problems by themselves. 

In the elementary grades, the pupils develop actlveness and ' 
. self-reliance as a result of the alternation of work with the class 
as a^ ^hole — led "by the teacher — with individual work by every 
pupil. Knowing that they will have to do subsequent assignments by 
themselves mobtliz^ the children's attention when the material, is 
first explained. Appropriate^ visual aiiis and tl^ questions the 
teacher asks while siipervisingj^he children focus their attention 
on Uie essence and particular features of new problem forms, of 
whi^ the children eventually become' aware when' they do the operations, 
themselve'sT'^^ey will be encouraged to greater activeness and self- 
reliance if each age group is given forms of studying the text of 
a problem that it can understand. ^Init^ally, these forms are ex- ' 
pressed in the selectipn of individual' counting-kits and number- 
boxes corresponding to the condition^'of the problem, pictures or 
written numerical data;' later, they^^consist in composing schematic 
notations of the condition, in dra^^ings, in graphically isolating 
words that express the special futures of the problem, and last, 
in independently selecting numbet- data for problems and in making 
up problems. i ' ^ 

The students can be made to becpme more active and self-reliarit 
when solving a problem if they are taught forms of plannlt^g a solution 
and the habit of thinking through the^ entire solution of the problem 
beforehand. These forms will be varied gradually in proportion to 
the pupils^ skill and k^jowledge. At f^.rst, thinking out the solution 
is accompanied by putting aside a^^tlimetical operation signs or 
by writing them with an. oral explanation following. ' Later it is 
expressed by using — besides the operation signs — other numerical 
data in the problem, then by ordinary questioning, and finally by 
devising a numerical formula for the solution. 
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Development o£ t;he students^ self-reliance requires ruling* out 
any chance to copy a problem's solutioi% from the blackboard, even 
if it has already been solved collectively in verbal form. But 
an opportunity to check one's solution with the one done on the board 
is an essential aspect of learning how to ^olve problems* The 

f 

solution of the problem can be written on the board and the possibility 
of its being copied can be prevented by using a ^creeii or movable lJ|.ack- 
board panels to cover up the solution — which is done on the boafrd 
while the class is writing — until it is time to check. When comparing 
one's work with that on the blackboard, tl>e abilitjTto notice a 
discrepancy and to establish the nature of the mist^ce is of no 
smdll importance in 'eliminating errors, \ 

Thus, errors made" by students in^ solving airithq^tic problems by 
themselves can be overcome by a system of problem work. Under this 
system^' the purpose of the content of the problems, their order, , 
and the method in which they are done is for the students to discovejr 
the manifold connections and relationships tihat make up the. problem 
and 50 develop self-reliance, and active minds. Thus, they are ^rmed 
with techniques for tackling problsns and witjti the ability to apply 
these techniques when actually solving and composing problems. 
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STIMULATING STUDENT ACTIVITY IN THE STUDY OF FUNCTIONAL RELATIONSHIPS 

Yu. I. Goldberg* / . 

Acceding to academic tradition, when functions and graphs are 
being studied, the development of ntSibers is not touched upon. That 

is, the 'study of functions is isolated from the study of numbers, 

I 

This investigation had the following purpose^: to study the effect 
- ' I 

on the students* intellectual actiyity of including within the study . 

of functionai/ rela^onships matters related to the development of the 

nimbpr concept, and to study how interweaving number concepts into 

the study of functional relationships affects the mastery of knowledge 

of functions and numbars. 1^ effect these purposes, a teaching experiment^ 

was organized in Moscow secondary schools No. 585 and No. 187« The 

investigation was carried out in the scientific-educational laboratory 

of the Lenin MSPI under Professor I. T. Ogorodnikov. 

The students discovered the properties of the function y - kx by 

givlitg-ithe teacher answers to such questions as these: * 

1) Are the values of the function positive 
or negative when the values of the argument \^ 
are positive? Wh^A? When the values of the > 
argument are negatived Why? 

^ ly What numbers — v^ole numbers or fractions — 

express the values of function that u:orrespond 
to whole number values of the argument? Why? 
To fractional values of the argument? Why? 

3) How does the iunc^ion vary when tiie argument 

is increased? Why? When the argument is decreased? 
Why? ^ ' . • . 

4) How do the absolute values of the function ^ 
vary when the absolute values of the argument 

are increased? Why? When the absplute values 
of the argument are decreased? Wliy? 



*0f the V. I* Lenin Moscow State Pedagogical Institute. Published 

in Reports (Doklady ) of the Academy of Pedagagical Sciences of 
' the RSFSR , 1962, VolU, pp. 23-26. Translated by Linda Norwood, 
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• 5) Which are greater, the absolute values of the 
\ argument or the absolute values of the corresponding 

. functions? Why? Can they be equal? Why? 

6) Are positive values of the argument greater or smaller 
than the corresponding values of the function? Why? 
Are negative values of » the argximent greater or smaller? 
Why? Is the zero value of the argument greater or . 
smi^ler?. Why? 

\ 7) How does the function vary when the absolute values 

of the argument aVe increased indefinitely? Decreased 

indefinitely? • . ' 

* 

Results of the experiment * * * ^ 

After studying the function y - 3x, two eighth-grade classes studied 
the function y - -Z^Sx. In answering the above questions, many students 
incorrectly stated that *rtian the argument is a fraction, the values for 
the function can^only be fractions* 

A large part of both classes had problems telling how the function 
y - -2.5x varies when the argument is increased (or deicreased)t Even 
^ after several particular values of^the argument were t^en and the 
^ corresponding function values obtained, many students answered 
/ uncertainly ssid clung to the ppsitiva argument. "If the argument 

positive," declared Student V, "then it increases; but since ^ the function 
-hare is negative, the function decreases." Here that long-standing 
misconception, so difficult to root out, was being expressed! No matter 
what and no matter where it occurs, st;udents identify a plus sign with 
an increase and a minus sign with a decrease. This was exemplified in 
the answers Student L and Student T gave at the next lesson, when they 
said that when the absolute value of the argument is increased, the 
absolute value of the corresponding function does not? change, since 
both are positive. Studenjts N and G thought that the absolute values 
of a function are obtained by multiplying the absolute values of the 
corresponding argument values by -2,5. They were corrected by students 
L and N\ When student N studied the same function, y^- 2.5x, she com- 
pletely disagreed that multiplying the absolute values of the argument 
by, 2* 5 increases them, but when Student G explained it again, N agreed. 
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Only infliVidual cases of students* not knowing and not under- 
standing elementary ideas concerning niuabar and functional 
relationship have been cited here. There were ^ny of^these 
instances at. the beginning of the investigation; they were 
encountered at every step. As the teaching experiment progressed, 
however, there yere fewer and fewer instances; the students felt 
more sure of themselvei in matters of functional relationship, 
after having spent time and energy (though not a great deal), than 
under the usual approach to these topics, * . * " 

In the homework, they' were to answer the first three questions ^ 
in Regard to the function y » -4x, A check of her homework revealed 
that Student^? did not*toow that negative values of the function 
corresponded to positive values of the argument. Students A and T 
incorrectly declared that \Aien the values of the argument iarc 
fractions, the function can'liave only fractional values. For the 
same function, Student L said, "When the argument increases, th^ • 
function decreases, since the product of a negative ^ 
number and .a positive one is always negative, and a negative number 
^is less than a positiveJ' Here a good pupil failed to understand 
the idea of a function or the idea of a relation; she did not 
understand that when values of the argument vary, the corresponding 
values of the function change — regardless of whether they are - 
positive or negative. 

Qu'^stions 1-7, which were examined in this invest:^gation, - 
•fo^ce the students to actively £os^rehend the meaning of other 
mathematical ideas and facts and to penetrate -their essence, as 
^ell as to study number evolution thoroughly. Student R brought 
up nothing about the argument's fractional values but talked only 
about. tl^e integral ones. Apparently, what was being expressed is 
the prevailing tendency of students to deal only with whole numbers 
as far as possible. Functional relationship is not fully under- 
stood. OJlthout any explanation the student wrote *'When the argument 
' is negative, the function increases; and when it is positive, the 
function decreases* " No reasons were given why the absolute 
values of the function would increase or decrease when the absolute 
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values of the argument vary, and it Is not values that were* 
• ' discussed, but 4 value. It is not clear how the functipn can 
increase or decrease when the argment has one and the same 
v^lue# The pupil did not understand the notion of correspondence; 
he did, not understand that the values of tl^e function under 
'consideration could vary only with* different argument values, that 
only definite function values can correspond to values of the argument 

If 'matters , of number development are raised, th^studeuts are 
able to consider matters of functional correspondence effectively 
^atid actively, and positive results may be arrived at with both 

topics, ' • ^ \ ■ . 

' ' ' / * 

. Besides the functions y ^ 3x, y = --4x, and y -2.5x,^the / 

functions y « x and y = -2/3x were considered in the experimental 

work with the students* . ^ 

Analysis of the results of the experiment ' ^ 

, In the .controi^ classes, the majority of the students did not 
have a proper idea of the absolute value of a nuinber; in the' 
experimental classes, the students had mastered the concept of > 
absolute ^alue. An overwhelming majority in the control classes 
tended to allow the argument (the function)* either positive or 
negative values only; in the experimental classes^ the? students ♦ 
considered all possible numerical values of the argument (function). 

Almbst all students in the control classes, even though they 
would sometimes discuss certain properties of certain numbers 
correctly talked about them when there was no need, ^without any 
connection with^those properties of the function being .studied tli^t 
they were trying to 'substantiate* Such instances occurred rarely 
itx the experimental classes where they were observed only in a 
few students. ^ 

Most students in the control classes who managed to perceive 
certain property of a^functlpn correctly either completely failed 
0 to explain it^ by the number properties that conditioned this- 

property, or explained it incorrectly 4; In the experimental classes, 
such instances were very rare toward the. end of the work* 
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Many students in the control classes*''&«^©n compared the size 
of positive and negative nuinbers incorrectlyf In the other two , 
.classes such cases were not observed, . . j 

' .Maiiy students In the control groups failed to see the* numerical 
values of a function, did not understand . that both the function and 
the argiiiaent^ take numerlQal values. In the experimental classes f 
stich cases occurred only at the beginning of the year. * . . 

A decrease In anythljig ati all was immediately associated with 
negd'tlve'^imibers and an increase with positive numbers only 
during the first half of the year in the experimental classes; ' 

in the control classes, on the other hand, sucji occurrences were ^ * 

I «... • 

observed quite frequently even toward the end of the year. 

In the control classes, feven at the end of the year, . ; 
many students in their reasoning insaediately connected multiplic^ion 
by a fraction with a decrease in the 'multiplicand; this had 
stopped by the end of the year in the experimental classes. 

Almost all students in the control classesfactually did not 
understand the idea of a^functio^al correspondence, discussing 
the value of a- function or the value of the argument instead of the^ 
,set of their values, and they. did not understand — even in the 
elementary cases discussed — how the values of the function vary 
depending on the change In the values of. the argument. The 
idea of even the simplest functional relationship — direct 
• proportionality — remained something indefinite for them,', although 
the classes did almost all the exercises in the standard problem--book 
and textbook that belonged to the section on functional relationship, 
with b^oth teacher and pupils giving them serious attention. In 
the experimental classes, when functional relationship was being 
studied, attention was directed to the nature of the numerical 
val-ues of the variables, to t\e fact that certain properties 6f 
the argument and function are conditioned by the properties of ^ 
the numbers that are in the range of the function undor discussion. 
Therefore the errors mentioned "we re not obser^^ed here in the 
students' comprehension of functional relationship . 



Mo^t students in tAe control^lasses did not know the limits 
to which the argument and function can vajry; the students in the 
experimental, classes knew tliem for the basic functions. 

Most students , in ^^he control classes tended to ascribe only 
natural, values to the argument (function), a smaller number 
mentioned ^negative. values, and an even smaller number had in mind 
any valuer for th^ argument and function. These defects w^re 
abserved in the experimental classes, for a long time, but then the 
students began to discuss all possible values of the argument and 
functi^lF 

The control classes u^lly did not understand h'Dw to discover 
whether a function increased (or decreased) when the argument 
increased (or decreased). The students in the other tyo classes * 
handled this with ease." 

The entire course of the teaching experiment, the teacher's 
^ detailed jpecord with notes on all the lessons conducted, the 
substance and results of the checked and. analyzed homework, class 
work, and test papers all permit the following conclusions 
to be made: ' ♦ 

1. The active study of . functions, with analysis qf the 
development of the number concept, is fully possible 
for all eighth-grade students. t . 

2. The work, is interesting for the stvidents, provoking 
them to ask many serious questions, and the children • 
WD'rk actively. 

3. The work doeis not demand additional expenditure of > 
school time compared to the traditional, isolated 
treatment; of functions and numbers in secondary 
school; the interweaving of both subjects has a 
positive effect on the way students learn. 

* '4. The control work for cornering the two experimental . 

classes with tha twa ^-etfritrol' classes, proves that when 
the topics of 'humbers and functions are treated ^ 
in isolation in the traditional manner, students 
demonstrate many grevious defects in their knowledge 
«. of both numbers and functions, while this was true 

only iqi, Isolated cases in the experimental classes. 

Thus, under the method of studying functional relationship 

generally in use, the students learn the meaning*, and properties of 
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ely and formally • Every step of the experiment 
on of this. With every new step of the study, this 
r substantiated; When number problems are woven, 
y of , functional relationship, the mental activity of 



the students is stimulated, and tne nature of functional relation- 
ships, as well as the basic properties of numbers, is clarified. 



r 



153 



ERIC 



PSYCHOLOGICAL GROUNDS FOR EXTENSIVE USE OF 
UNSOLVABLE PROBLEMS 

Ya. I. Grudenov* 

■ ^ i 

The authors of several methodological works ([2: 72-3; 
3: 14 ] and others) have come out in favor of using mathematical 
problems that have no solution. There is a very smdll number of 
such problems in Abugova's workbook [1] and in several other work- 
books. NevejrtheLless, the fact that these problems are not contained 
in most workbooks evidently indicates that their authors either 
ascribe no special attention to them or view them negatively. 

In this article we cojfsider three problems: 1) proof of the 
expediency of using unsolvable problems, 2) the technical aspect 
of organizing the solution of such problems, and 3) the most 
expedient form in which to put these problems into workbooks. 

The following statement of psychological Principle I appears 
in Shevarev [4]: If some repeated features of problems solved in 
the et!uc ation process are such that cognition''" of them is not> in 
a given situation, a necessary condition for the completion of 
correct operations, then the degree of the cognition of such featured 
is more or less reduced . 

Beginning with this principle, one may deductively prove the 
expediency of using, unsolvable problems extensively in mathematical 
instruction. Say that the pupij^s solve n homogeneous problems while 
studying some mathematical topic • Let. us denote the processes 
of the solutions of these problems schematically: 

A^B H^; A^B —> H^; ... ; A^B M^; A^B —> M^, 



*0f the Kursk Pedagogical Institute. Published in '^New 
Research. In the Pedagogical Sciences, II,*' Proceedings f lzvestiya] 
of the Academy of Pedagogical Sciences , ^964. Vol. 1;^^, pp. 108-112, 
Translated by David A. Henderson. ^ 

The word c ignition is used here as a generic term embracing 
sensation, perception, conception, and thought. , 
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where B is the common feature of these problems, whose cognition ^ 
is not a necessary condition for comj^etion .of correct operations, 

is the set of all the other features of one of these problems, 
and M , .... are varipus operations in the solutions. Under 
these conditions, according to Principle I, there can arise in.roany 
pupils an erroneous generalized association, whose first element 
contains cognition of features A^, A^, .... but not of feature B. 
The root of the problem is that in the solution of homogeneous 
problems onJ.y of the type A^B the error of this association is not 
discovered, sihce regardless of wh^her the pupil recognizes 
feature B or remains completely unaware of it, he will obtain the 
same result~A^B ~> M^. Therefore the pupil is op(ly apparently 
successful; the teacher may not even know that' many pupils who 
solve, the problem of the type A^B correctly are not fully cognizant 
of the conditions. That is, they are unaware of feature B. 

If pupils who make this erroneous association are given three 
different problems of the type A^B, A^, and A^B , where B is ^ 
feature oppostite B but externally similar, .it is very probable 
that they will solve these problems in Ihe same way: A^B ~ M^, 
A^ — > M^, and A^B — > M^^. In the last two Instances the answer 
will be wrong. Thus the incorrectness of the association is revealed 
If, from the beginning of the study of a given topic, the pupils 
are given problems of the type A^ (problems with insufficient data) 
and A^ (problems with a contradictory condition or of opposite 
naturl) together with problems of the type A^B, then those pupils 
, who make the Incorrect association will make the mistakes 

and A^ — > \. Such mistakes will indicate to the teacher 
tliat the pupils are not aware of feature B. Analysis of the mistakes 
permits an erroneous association to be corrected in the pupils 
before it can be reinforced. ^ 

It follows, therefore, that the negative influence described 
by psychological Principle I is most simply and expediently 
eliminated by introducing unsolvable problems and problems with 
superfluous, insufficient, and contradictory data into the system of 

» exercises. • ^^^^^ 

To confirm this statement, we cite some examples. 
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^1 problems that are usually solved in teaching the feature 
of the congryency of triangles having two corresponding sides 
and the angle between them equal have a constant factor: equal angles 
in the triangles are enclosed between equal corresponding ,sides^ 
As long as only sudh problems are solved, a pupil can correctly - 
solve any one of them— even if he is not cojgnizant of this . feature. 
This means that, according to Principle I, the pupils^ recognition 
of this feature is narrowed. This was confirmed by our observations 
in several §ixth grades in which the pupils learned fairly well 
how to solve problems on proof according to prepared drawings of 
all the features of congruent triangles. In two of these classes, 
where unsolvable problems had not been used previously, not a 
single pupil was aware of the fact that in an ordinary problem on 
proof with a prepared drawing, the equal angles of two^ triangles 

were not contained between equal corresponding sides, although 

i 

everyone formulated the appropriate theorem correctly. In the classes 

in which the pupils had previously encountered unsolvable problems, 

on^y a few of the better pupils noticed that the proposed problem 

had no solution. After several such problems had been solved 

in these classes, most pupils immediately noticed whether equal 

angles were contained between correspondingly equal sides of given 

triangles/ ' v 

All problems usually solved in the study of 'the theorem 

about the property of the angle bisector at the vertex of an * 

isoceles triangle have a constant factor: it is always a matter 

of only the bisector of the angle at the vtertex of an isosceles 

triangle. As long as only such problems are used, cognition of 
4 

this feature has no influence on the result of the solution; 
hence, according to Principle I, many pupils cease to recognize this 
feature when solving problems. Our^ investigations in several classes 
confirmed that if pupils are given a prepared drawing with the 
uiisolvable problem in which one must, calculate the segments into 
which the side of an isosceles triangle is cut by the bisector 
of a base angle, given that the sides are 6 cm each, almost all 
pupils will 'answer '4nto ^qual segments of 3 cm ea^^. The 
solution of such problems has the result that most pupils begin 
to turn their attention to this feature. 





What is technically Involved in organizing the work with. unsolvable 
problems? 

The pupil, himself should discover that a problem cannot- be 
solved and why it cannot be solved. In such cases it is established 
how the coaditioii must be chaaged so the problem will have a 
solution. Th^^pil corrects the condition of the problem and 
solves it.;^ . 

The entire ^essence of such problems lies^ in the fact that the 
pupils are not told beforehand about the contradictory or incocylete 
condition , "^f a pupil does not turn his attention to the essential 
Jata, he ^'solves" the problem and falls into the trap, 

l^hen such problems are solved systematically, the pupils become 
mor^ careful and try to read the conditon of a problem more attentively 
and thoughtfully. But if some pupil hurries and, without thinking 
out the condition of an unsolvable problem, '^solves " it, this 
will evoke laughter from the class. Better than any comment by 
H the teaclter, this laughter will force fhe pupil to be more careful 
and attentive. Both he and the other pupils will now better remeinber 
the essential feature that made the problem unsolvable. 

Unsolvable problems add interest and enliven the classwbrk, 
but only ^en at' lea^ some of the pupils have mastered this fact 
(the absence of absolution) . The pupils who are first to discover 
the error in the condition of a problem usuall^y wait with baited 
b^^^f'^to see how their friends will -react to the problem. And 
as -soon as some ''f ooi?^' "begins to *'solve" the problem, there is a 
burst of laughter in the class and a forest ^of hands goes up. 
Everyone hurries to tell what he has guessed and his method of 
changing the condition of the problem. 

The effect of using an unsolvable problem is sharply curtailed 
when the teacher does not preserve an imperturbable, impassive 
appearance and smiles or asks ^ careless question hinting that the 
problem is unsoiv^ie. TheK the pupils have no need to be careful 
and attentive, for there is nothing for them to guess* 

Such problems must, of course,^ be solved with a teacher^s 
supervision so that any incorrect solution will be discovered 
and analyzed insnediately and will not pass unnoticed by the pupils. 
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In the 1960-63 school year? many teachers (about two hundred) 
of Kalinin Oblast used the System of Exercises in Geometry for the 
Fourth Grade , composed by the author of this article and printed by 
the local Teacher Improvement Institute. In this system of exercises 
there are a great many unsolvable problems^. Almost all teachers - \ 
who retuimed the questionnaires noted that the pupils showexi in(?reasied . . 
interest in the uaisolvable problems, as a result of which these plipilsg^ 
became more attentive and careful. 

In the 1962-63 school year eight teachers from Kalinin (in 
19 sixth and seventh graces) worked on the project of a geometry 
textbook aiid workbook (written by the author of the present article) 
containing unsolvable problems. Observations in these classes 
confirmed that unsolvable problems add interest to the classwork. 
All eight teachers participating in ^he experiment noted that, 
extensive use of unsolvable problems resulted in the pupils* solving 
problems raore thoughtfully, their critically approaching the 
conditions of problems, their learning to get out of difficult 
situations independently, etc. 

Let us consider an illustration. In an eighth grade the pupils 
solve orally problems wr^^fen on the blackboard: 

1. Calculate the side of, a square If its area is 
578.2 sq. *cm, / 

2. The area of a rectangle with ^equai adjacent sides 
is 28.34 sq. cm.^ Calculate its sides* 

3. Calculate the side of a rectangle if its area 
is 435 sq. m. 

In solving the second problem some of the pupils, of 
course, did not recognize the essential part "equal 
adjacent sides/* But they obtained the correct result 
(which, unf ortimately, occurs quite often). They solve 
the third problem. A minute's pause. Almost everyone 
who did not examine the condition of the problem was trying 
to find V^TSS". One hand goes up, then another, then 
a third. Some pupils look at the condition .again, glance 
at the imperturbable teacher, look at each other, and" , 
indecisively lower their hands. All the better pupils 
feel some /misuncj^rstanding intuitively. The poor 
and average pupils do not notice this, and the number 
of raised hands increases. One girl raises !if| hand, th^n 
lowers it. The pupil called to the blackboard says, 
*'The side of the rectangle is 20.86." Immediate 
laughter. Everyone instantly grasps the difference 
between the second and third problems. A forest of 
hands goes up. 
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As mentioned at the beginning of this article, Abugova's 
Workbook' 1 contains several problems (numibers 278, 317, 498, 503, 
and^othexs^ that the authors probably present as. unsolvable 
problen^ttj^lie texts of all these problen]^, however, are accompanied 
by questl^jra^uch as: What condition do you have to supplement \ 
the priDjble^l^h?.^ Isn.'t there some contradiction In the problem's 
condition? What data in the condition of the problem is superfluous? 
in solving such problems the pupils no longer need be atten|tive and 
careful; there is nothing for them to guess at. On the otl^r hand» 
if the unsolvable problems are not accompanied by any hints or 
answers, the errqneousness or incompleteness of the conditions of 
individual problems may be passed by unnoticed by the pupils. The 
exp^riinent described above showed that it is profitable to follow 
up each unsolvable prolblem in a workbook (with one or two intervei^ing' 
problems) with problems or questions that return the pupils' attention 

^ 

to the^ unsolvable problem. 

/^No. 385. ^ In tr>ingle AEK,Z.A = 62*", « 75°, 

» 53°. Calculate the external angles of the 
triangl*'. ' ' i 

No. 386 (or (387). Eliminate the error in problem 385 
and solve it. . Can the amount of Data given in the 
problem be reduced? 
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' PSYCHOLOGICAL CHARACTERISTiCS. OF PUPILS* 
ASSIMILATION OF THE CONCEF^ OF A FUNCTION 

I; A. Marnyanakii* 

> Mathematics methodology "has given naich attention to problems In 
learning one of the central concepts of the school algebra course ~ . 
the concept of a function. Yet, this concept reinains the Achilles* 
Ijeel of mathematics instruction. One reason for the failure of the 
current metbodqlogy of the study of this concept is that the psychology 
of pupils' mastery of t^his complex concept has been poorly studied. True, 
in our educational psychology there are several investigations [3, 5] 
of the pu^)ils^ mastery of functional relationship, but these investiga- 
tions deal only With t;he introduction to the concept o£ function. 

Methodoldgy of the experiment 

i^^To determine the psychological difficulties' involved iti secondary 
school pypils' mastery of the concept of function, the author (with the 
cooperatloti of teachers and students at the pedagogical institute^ 
conducted experiments (1958-1962) in the schools of Rovno. The experiments 
were predominantly exploratory knd were conducted in the form of 
written questiohs and discussions. IQie^ experlm^ts encompassed 132 
pupils of grades 8-10 in five schools. ' 

Although the written qu^estioning (in addition to the coTitrol work, 
the pupils were asked to answer one or two questions, explaining, the 
motives for their answers in detail) was ineffective (usually the 
answers were too brief and the pupil train of thought could not be < 
established), it did show what paints in the concept of function are 
incorrectly or imprecisely mastered. This made it possible for us to 
choose questions for the discussions. 

The discussions were held with groups of from three to eight piipils, 
mostly above-average. On the day before the discussioq the teacher 
told selected pupils of the topic to be discussed, so they could 



*0f the Rovno Pedagogical- Institute. Published in New Research 
in the Pedagogical Sciences , 1965, V,ol. IV, pp. 79-86.' Translated by 
Davids. Henderson* - • 
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prepare for It. Before the discussion the pupils were told that, 
although their answers would be recorded, they could safely say any- 
thing they thought about the questions, since any errors in their 
answers would not affect the ^valuation of their achievement in school. 
Experience showed i:hat without this information an upper-grade 
pupdl who was doubtf ulabout the correctness of an idea would often 
answer very briefly or remain silent altogether. 

Each pupil was given one or two questions, and, when he was 
ready to answer, the discussion was begun. The other pupils were 

also invited to take part, and thus we could determine all the pupils' 

# . 

^opinions on questions given to each of them. 

The discussioK ended with an explanation of the correct answers' 
and with control questions for establishing whether the pupils under- 
stood the nature of their mistakes. 

Results of the experiment ^ * 

One of the first tasks of the experiment was to check whether ^ 

the pupils had a clear awareness [4:45] of the concepts on which the 

cond^t of function is based. Such concepts include the variable 
^ ■ 

quant it y > tte set , and the functional relationship . 

Almost all -pupils understood the meaning of the concept of a 

variable quantity and gave examples of variables from geometry and 

physics.^ But, as we learned during the discussions, the pupils could 

not explain precisely what ^s mstknt by a quantity in general. This 

is not merely a matter of their Inability to describe the concept of 

quantity, correctly (the individual answers were close to the truth: 

"Quantity is what is measured,!' "Quantity is that which is large or 

small'*) , but of the tendehcy toward an improper expansion of the scope 

of this concept when concrete examples are considered: ''Animosity can 

be a quantity since it can be great or small," ''Studiousness is also a 
ft • 

quantity — it can be measured by desire," "Responsibility should be 
\considered a quantity, since it is greater and lesser." 

The subjects* understanding of the concept of a set was imprecise. 
Of the 46 pupils questioned, only three gave a positive answer to the 
question, "Can a set contain only one number?" Other pupils stated that 
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"a set m^ans very many." or "a set is an aggregate, an4 an aggregate 
means several." 

' Another error often repeated by the pupils during the discussions . 
was a misconception of the properties of infinite sets. In particular, 
they did not imgine the existence of infinite nuinber seta not containing 
the smallest number.- Thus, many pupils stated unhesitatingly that in 
the set of all rational numbers there Is the smallest niimber, since 
"the very first number should be there." They were pf ten unable to ' 
distinguish tlie finite and the infinite set. ' '* 

Thus, one of th^Un;;h- grade pupils, answering the question of the 
finiteness or infinit%ess of the set' of all apples on the Earth, said: 
"The set of all apples on all the trees of the Earth is Infinite, since 
while we are counting, new ones will groW." And one te^ith-grader 
stated, "There is no infiniteness in itself; it is like an abstract 
number.;; Several tenth-graders gave the number n as an ''example of an 

infinite number set. ^ ., 

In the pupils' understanding of the concept of functional relation- 
ship two tendencies were pbseirved: unsubstantiated restriction of the 
scope of this concept (when relationship is taken to mean only several 
simple kinds of relationships, and only the causal connection In 
examples with concrete content from everyday life) or .extreme expansion 
of its scope (when quantities are considered functionally dependent even 
when their connection is undefined, i.e.. when there is no directed one- 
to-one relationship between their values). 

These tendencies may be illustrated by three responses to the 
questions wljether there is a functioml relationship between the amount 
of rainfall and ^crop size: 1) there is no relationship, since with an 
increase in the ampunt of rainfall, the crop also increases at first, 
but when there is too much rain the crop begins to decrease? 2) there , 
is a relationship, because in a drought the crop is bad, thatis. low^ 
rainfall causes a poor crop; 3^ there is a relationship because. the^ 
' cropV.is connected somehow with the amount of rainfall. 

The subjects' vague awareness o) the concepts examined above led. ■ 
of course, to errors when they were solving the problem of the presence 
or absence of a function in a specific case. Thus, the subjects of ten^ 
regarded as functions things that were not quantities at all ("A pupil's 
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success la a function of his aEtentlveness;" "The quality of work Is ■ *• 
a function of the mood of the' worker") , or 4id not con^der quantities ' 
functions If the set of their values contained only on^ number ("The 
sum 6£ the functions and 2 - will not be a function, since il 
is equal to 2, and 2 is a constant"), or they disregarded the require- 
ment that there be a ope-to-one correspondence between the values of 
quantities ("The crop is a function of^the area seeded, since the crop 
ydepends on the area of the field, on how theMand is worked, and on tile 
amount of rainfall"). 

The experiment showed that in moat pupils' minds the "strongest" 
features of the function were not the ane-to-one correspbndence between 
\the values of two quantities, but the changeability of the quantities 
and the presence of a general or a causa^ connection between them. For 
example, the subjects leepeatedlTnade statements lljce: "The height of • 
a i^n is a function of his age only. up to age 25; after that his, 
height stays the same,^and there is no function because a function 
cannot stand still when lt;s argument cl^nges," "A function cannot 
assume identical values, since .each value 6f the argument corresponds , ' 
to specific value of the^f unction, i.e., another val«e," "^lere is 
functional irelationship between' the time In motion of an auto that 
makes a stop along the- way and the route it travelled if the auto 
makes only shoi;;t stopg — then the route is almost constantly changing."' 
It is clear froia tHe last argument that several pupils are beginning . 
to understand intuitively the baselesshess of their requirement of " v 
unconditional change.^ Here is one more Interesting example, which 
shows thft ip the pupils' opinion th^re should be at least some visil^le 
evidence of the changfe: "A function It aking only one value c^an exist, ' 
> but then it must b^ written: v = x° " 

It is common knowledge it h^t in solving problems with concrete content 
from everyday life, the subj^t may make secondary, associations that 
^hinder (tAe abtuallzation of his conceptions [6 ]. Hence, besides 
practical problems from everyday life, ^he pupils were gTven problems 
<»in which the functional relationship appeared in a pure form. But 
even here the number of incorrect answers was significant.' ' 

Thus, more th^ half the pupils questioned either did not answer 
or ga^fi a negative answer to^thls question: If a' quantity x'takes only 
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integral positive values, and quantity y is equal to one when the 
value of X is even, and equal, to zero when the value of x is odd, is * 
y a function of x? Pupils answering this question negatively (they • \ ^ 
constituted more than a third of those questioned) indicated that "hete . 
y can remain unchanged while x changes, but a function must change Vhen 
its argument jchanges/' . . . ^ 

'J'inally, let us note the following circumstance, which is , . 
^amazing at first glance. The experiment showed that the general 
concept4.pnBs^^£^ function in tenth graders, who' know aylarge number ■ 
of functic^^^|s almost the same as that of eighth graders, who have _ ^ 
^ust begt^ .sti^ying elementary functions, V ' / 

Analysis of the results ,; - ' ' ' - . , 

Let US now try %o. give a -general picture, of the psychological ^ •; 

difficulttes in mastery of the^concept -of a function and. ascertain the • 

causes of individual misconceptions. ^; ^ ' 

Teachers «h4 methddologists often try to eJtplain the pupils! popr ■ 
.mastery of the conc'eptiof a" function By asserting that .fhe concept is 

too abstract and hence difficult for the' pupils to t|ndei?stand . But ^ 

• such an" explanation is ^ot convincing. First, tfhe mojre abstract is 
not 'always more difficult psiirtzhologically. For example, the concepts 
"kinsman" ^and "polyhedron" arte no less incoioprehensible to the pupil 
than th^ concepts "gjrandnephfiw" and "truncated ico'sahedral pyramid." 

• Second, in the' Schoc^l mathematics course there are concepts (e.g., the 
.concept of -the coinplex nufebej:) no less abstract t^aan the concept of a 

fimction: but which' the pupils master better than the concept of a function. 

* The" main difficulty In mastering the concept of a function is that 
thfs concept exceeds t^e bounds of what is ordinary for the pu^il, that ^ . 
- it does not remind the pupil. o£ mx^ familiar concepts (unlike complex 
numbers, similar, in, many ijays to real number*!, with which the* pupil is 

quite fapiili^). / . / ■ 

• Up unjiil^the study of th^ concept of a function, the pupil' thinks ^ 
mainly in tferma of individual ima-ges ^nd is -not used' to thinking in 
, terms of groups of objects.- Practicalli, he remains trained in operations 
'with fons^sfrit^s. Actually, the introduction of functional, relat ionsliip 
in school almost 'wholly consists „of familiarizing pupils with facts 
such as the change ^tlie sum When thei(e is* 'a change. ii» an a<idend, the ^ 



change in the siae ^ fraction when the numerator or denominator is 

changed, the dependence of the value of an ^algebraic expression on th& 

^niimber^ value of th"S^etters entering into Jihe expression, and so on. 

Here the main attributes of functional relationship — ,the concepts of 

the set and^ the one-to-One relationship between elements of two sets 

• reiflain hidden. Indeed, the pupil is in no position to reinterpret 

^ independently, for example, the fact .of the relationship of the sum to 

the addend.. when he "sees an example of* the one-to-one relationship of 

numbers of two sets , (the set of values of the ad-dend ahd^ the set 'of 

values of the sum) .• Pupils in general attribute no special importance 

to a statement of the type, "If we- change the addend, then the' sum is 

cliauged." Many**f the pupils (as questioning of several fifth-graders 

showed) either 4o not V^now why they'are told sudh facts,* or perceive Such 

a statement <|s,6ne of the cautions against changing the ad'dend arbitrarily, 

sincev'this can lead to an incorrect result. . 

. . ■ « 
This is .why the pupil, when becoming familiar with the variable 

quantity' befo,re he studies the' concept of a function, perueives the . ' ' 

" variable aa a unique object, is i^naware of !the set of numbers (as a - • 

rule, an infinite se?) conceale'd behind it'.' Under thes^ conditions the 

definition pf the .functipn given in contemporarV school textbotJks is 

entirely justified. This definition speaks of t^o variables, ani not 

.of two sets-and their correlations. It 'easier for the pupil to imagine 

the connection between two single objects (variable quantities) than " 

between two sets. However, such- a definition" can serve only as a rough 

basis for forming the concept of a function per se *ln the pupil. The • * 

next step should be for the pupil to interp^ret th^^ fact that the • 

definition of fimctlon 'deJil with the' correlation , of two sets consisting' 

of values of quantities discussed -earlier in this definition. But the 

pupil is not prepared for this by the introduction practiced at present., 

' For proper mastery of 'a concept (especiall::^ a complex one), 

being familiar with a large number of object^ encompassed by this ' 

.Concept is not At all sufficient. In developing a piteclse notion of 

^ new concep^t, it is fmportant to compare it with other concepts .Somehow 

fcimllgi^ but not identical to. the given one. Indeed, eyen concepts like 

"jierpendicular," "polynomfkl , " and. "cone" are e^aslly mastered by the • 

pupil owing not only to theirf simplicity ank^ie large number of 

" ' ' . 168 ■ • / ■ .', ■ 



»exaiaples considered, but also the the pupils* familiarity with objects 
like ''incline," "monomial,'' "pyramid." Henc^Xfor the best assimilation 
of the concept of a funjction, the pupil , should have an opportunity to 
compi^re the function with^ther objects that are not concepts but whose 
peculiarities remind one or functions. Bu£ there are no such objects 
(they-may be called "psetidof unctions") in the schdol mathematics course, 
"and their construction and inclusion in the school textbooks is 
evidently considered useless by methodologists and"" teachers. Let us 
remark »tliat it was pseudo functions t ha t^^ enabled us not only to rev^l 
* ■ a' nujflber jof misconceptions in th^^^pupils, but also to' explain the 
meaning of the subjects' ^errors to the subjects themselves,^ 

Sources of the pupils^ error^ ^ ; 
. ^ The pupils' vagye awarenesfe of fhe concept of magnitude, or 

' quauti^ty, is explained primarily by tl|e fcextb^k's failure tc^desoribe 
this concept 'predisely and by it^ free use^of the term "njpgnitiide" ^ 
V ("comparison' of angles by magnitude,'* "tlje magnitude of factions," , 

"the absolute magnitude of a number"). Mpreover^, the -examination of \ 
• examples of pseudomagnitudes^ is not practiced in the school, althougW 
it essentially helps (as our experiment ^howed> delimitation of all 
essential peculiarities of this concept (the tiagnitude must somehow 
be measured anji expressed by a number)^ ^ * 

The pupils ' I refusal to regard a one-element set a§ a "legal" 
example qf a set, as well as their ideiK if icatlon of the corjcept of 
dependency with the concept of causal connection is explained mainly 
by a certain influence from' the everyday meaning of the term ("A s^t 'is 
very many," "Salary depends on responsibility") on the •ma'stery 
^ > Clie concept 1] . 

Th? pupils' confusion^n q6estl6ns dealing with infinite sets has- 
several causes. Poojly informed in these q^ue^tions, the pupils automatical 
Ascribe to such sets properties, known from experiertl^e, of finite 
sets ("A set has to , have the first number"). Such logical analogy is net 
-* ^ difficult to explain psychologically': we observe here one of the y 
phenpmtena of tfiat common peculiarity of thoii^ht — the ^inclination toward 
/the stereotype.*^ A striking phenomenon of this inclination in' the* study 
of the ' f unct ton Is the pupils' f^r^qqucntly observed gon^usion when 

' . • ; ' , ' ^ ' • ' ' 
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symbols with which they are accustomed to designating ^the argument 
and the function are replaced by new lettera. In this connection let 
us.no^e that a particular phenomenon of that same peculiarity of 
thought is that when solving geometry problems the pupils "follow 
the drawing." Therefore, we cannot agree with P, Ya. Gal'perin and 
N. Talyzina when they say that this "is explained not by the 
pecul^rities of children's thinking, but by the peculiarities of the 
methodology instruction ^ [2:34]." It would be more correct to' ^ay — 
without disputing' the tendencies to follow the drawing — that the 
ef f ect^iveness of opposing the negative influence of this peculiarity , 
depends on the methodology of instruction. ^ 

It is also not hard to explain pupils' arguments of 4^his t3rpe; 
"There is no infinity as such," or "The set of all apples oti Earth is 
infinite*" These arguments show thiit the pupils imagiiie infinity ' 
only" as potential infinity. This is explained not only by the fact, 
that potential infinity is in essence \closer to the very familiar 
concept of the finite than to the concept of actual infinity; it also 
results from the pupils' conception of the variable as something 
gradually rmning through an unlimited number of values. For this 
reason, pupils' answers often show no actualization of knowledge of I 

^familiar examples* of actual infinity (the set of all\points of a ^ 
segment, the set pf all rational niimbeSs;^ etc,)* As for' including tt in 
infinite sets, here the need to use .an infinite number of decimal places 
for writing this .number^ is associated with the process of changing 

- a variable quantity, and the latter with the infinite set. 

That many pupils consider unconditional variabilitY of a function 
its most important p^ro^perty (as we established- above) may be e'xplained 
in two ways; Pirs^^'i in the textbook the concepts of variable and 
constant are presented OT;^ly as opposite©, and the variable is* called 
a function. Second, the introduction to functions, focusing its a^itenti 
on giving pupils ..an idea^of what a variable is, create3 a unique 
"variable hypnosis." • - 

^ As we have observed, tenth^graders' general td'ea^f the function 
is not^ much more precise tlian that of eighth^gtaders. Tliis paradox ' 
occurs because, after ^having formally studied the definition of ' a ■ 
function, the pupils do ijiot use it in practice. They have no need to 



resort to this definition^, either when seeing functiof^ from among 
examples of all possible ftinctional and nonfunctional rfLationships 
between objects (not^ a single subject could cite an example of a relation 
ship that resemble a functional relationsjiip but was not), or later^ 
when trying tio convince themselves that each of the concrete functions 
studied was indeed a function, 

I* 

The present investigation allows several conclusions concerning 
methodological order to be lAade: \ * 

1. The introducfion ts/ functional relationship in the School 
should include familiarizmg the pupils with the concepts of the number 
set and the correlation between the numbers of two sets. 

2. There is a need to develop a system of exercises to help pupils 
recognize typical inessential futures (e,g., the variability of the 
values of a function) ^ and generalize the essential features of a 
function (single-valued part pf a function or a one-to-one relationship). 
It is important that the pupil himself be able to cite an esiample of 

a function having some peculiarity, including functions having a 
"pathological" property, like remaining constant over some interval, 
or constancy in general, which would hel^ to transfer the pupil's 
attention from variability to the single-valued, unchanging correlation. 

3. To form a precise idea of the concept of function in the upper- 
grade pupils, it is necessary to- explain to them the meaning of the 

0. 

term "variableV as the general designation for nuflibers of . some set. 
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